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EDITORIAL 
EDUCATIONAL AIMS IN THE SECONDARY SCHOOL 


We in England (and the same applies in greater or less degree to Britain as a 
whole) believe that the ultimate end of our educational work shall be to provide a 
liberal education. We have clung to this idea for hundreds of years, and not without 
justification, for the phrase ‘a liberal education’ has stood us in good stead. It is 
sufficiently high sounding to impress the general public; it is sufficiently abstract to 
enable educationists to express their views on the subject ad infinitum; it is sufficiently 
ill-defined to enable a multitude of ills to be committed and justified in its name; it 
has been in use long enough to enable it to be regarded as part of our ‘tradition’ 
(another useful term!) ; and it has sufficient basis in antiquity to give it respectability. 


And what does it mean? For its real definition we must go back to Aristotle: 
““Of possessions, those rather are useful, which bear fruit; those liberal, which tend 
to enjoyment. By fruitful, I mean, which yield revenue; by enjoyable, where nothing 
accrues of consequence beyond the using.” It is surprising to think that we in a 
Christian democratic community should base our education ideal on a statement 
from a pagan state which built its greatness on a depressed slave class whose work 
was to perform the “useful” (and despised) task of life. The immediate conclusion 
for our own society is rather surprising; our ideal of a liberal education applies only 
to a small upper intellectual stratum—perhaps those who proceed to University— 
while the majority, who perform the “useful” work, go unheeded. With varying 
effectiveness the latter are required to follow a watered-down version of what we 
still cling to as a liberal education. To give but one illustration of this in practical 
terms, the G.C.E. (and before it the S.C.) was constituted as an examination in- 
tended to cater for those proceeding to University, yet it came to be regarded as the 
desired end of all selective secondary education, and now is being introduced into 
non-selective schools (such as secondary modern schools) as the aim to be sought. 


Have we not had enough of this nonsense? Is it not time that we thought of 
our pupils as individuals being prepared for life in present-day society and formulated 
our educational aims in more concrete and realistic terms? Until we do this, it is 
impossible for the teacher of mathematics, or any other subject, to determine the 
spirit and content of his teaching; and here lies the root of any charge of inadequacy 
or ineffectiveness of teaching. In fact the failure to resolve this problem must deter- 
mine the future status of the country as a whole. 


It is at the secondary level that our thoughts must be most directed, since for 
the majority this represents the final stage of full-time education. We assume that 
these people as they leave school have been prepared for the years of life that lie 
ahead of them; and most would agree that the real aim of education is preparation 
for life. Yet we know that education is not a thing which stops when one leaves school, 
or for that matter only starts when one enters school. Education continues throughout 
life from birth to death. So education is not solely a preparation for part of life that 
lies in the future; it plays a vital part in life at that moment. In other words, what 
we learn is important to us when we learn it, as well as having value in the future. 
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It is this aspect which tended to be ignored in the classical conception of a 
liberal education: learning was to be used for training the mind, but nothing further 
must accrue in the present. It was as though the mind was some instrument which 
had to be gradually ground and polished to perfection before it could be used. But 
this we know is not true. The mind is not passive, but ever active; its use is part of life 
itself as life is being lived, not something to be developed for use later. Hence the 
acquisition of mere knowledge, learning for learning’s sake, is of limited value. It 
is essential for one to use knowledge. And the obvious way to do that is to use it in the 
world in which one lives. 


We now begin to see why the aims we adopt in secondary education too often 
do not achieve the ends we would wish. Do a quadratic equation, a geometric 
theorem, a date in history, a Latin conjugation or other such gems of knowledge have 
great significance in the immediate world in which our pupils live? To what use 
may they put this knowledge? Small wonder that many secondary school pupils are 
glad to leave school; what they are set to learn has, to them, no apparent relevance, 
reason or logical conclusion. Surely, any subject of the curriculum which fails to 
make clear these three aspects has failed to justify its inclusion in the secondary school 
course, 


To put forward these views is, of course, to leave oneself open to the charge 
that one is advocating a narrow specialist education and ignoring the broader general 
education which fits the individual for life and not just for work. But the two are 
complementary, and either, without the other, is ineffective and inadequate. For, 
general education is the outcome of mental activity; it is not to be obtained merely 
by absorbing knowledge, but by using it; and the use of the products of mental activity 
is specialist education. Hence specialist education is important in providing the need, 
while general education is the product of the means to fulfil the need. 


In its broadest terms our educational aim, therefore, must be to fit the individual 
to be and to do, now and in the future. It should inspire him in his conduct and work 
as a pupil, and spur him on with the desire for the future to live a full and active 
life in his work and as an individual in society. But in translating this aim into 
practical detail it is necessary to do so in terms of present-day values. It must have 
meaning and relevance to our pupils; for without these there can be no understanding ; 
without understanding, no learning. Let us re-examine our curricula and our 
syllabuses in this light. 


Above all, let us realize, and help our pupils to realize, that through education 
we find purpose and meaning in life; as a result of it we find fulfilment. For education 
is not only for life; it is life. 
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MODERN MATHEMATICS AND TEACHING 
GUSTAVE CHOQUET (Translated by c. A. WINYARD) 


Introduction 


We shall understand better the urgency and world-wide importance of the 
questions we are going to consider if we are aware of the extent of the network of 
similar studies that has come into being during the last ten years in Europe, in 
Asia, in America, and in fact all over the globe. The world is living through a great 
revolution and is trying to adapt itself not only to new economic and demographic 
considerations but also to new ideas. 


For various reasons mathematicians feel deeply involved in these changes. 
Although there are insufficient teachers to train the technicians, engineers and 
scientists everywhere in demand, each year a more extensive and thorough know- 
ledge of mathematics is required of them. 


And now at last both university and secondary teachers are awakening from 
too long a period of torpor. University teachers find that their young students arrive 
at the university with their minds encumbered with useless facts and out of date 
ways of thinking. When these lecturers open the usual school text-books they are 
horrified not only at the logical inadequacy of the foundations and the often useless 
complications, but also at cancerous growths on the tree of Euclid. 


Secondary teachers find that when they open no matter which recent work on 
algebra, analysis, or geometry, they no longer understand even the language. They 
ask themselves whether what they are reading is still mathematics and, if it is, what 
use can their teaching now be? And in every country discussions have begun between 
research workers and teachers. 


A vast problem then faces us: what should we teach, how should we teach it, 
and to whom? What training should we give to future primary and secondary 
teachers ? 


There can be no simple and unique answer; one cannot start from scratch, and 
in each country the answer must take into account the realities of the history and 
the economics of that country and its human resources also. Nevertheless the rapidity 
with which information can now be communicated and the extent to which this is 
done, make the world, in spite of its divisions and quarrels, more and more of a 
unity every day; and it is found that the human mind when unformed by education 
and unhardened by age, functions in the same way everywhere. We may, therefore, 
hope to be able to single out some of the main lines of the present revolution and 
discern general principles that shall guide us to effective solutions of our problems, 


What is the aim of our teaching? 
The two following conceptions of mathematics teaching are often contrasted :— 
Conception A: There are certain things that every future technician, engineer 
or scientist must know; the aim of our teaching is to get these things learnt by our 
pupils, and pedagogy is simply the art of doing this as successfully as possible, 
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This is the point of view of numerous users of mathematics, among whom are 
engineers, physicists and chemists. 


Conception B: The aim of mathematics teaching is to train our pupils to think 
correctly and logically. What is ground in the mill of mathematics is of little impor- 
tance; what matters is that the students learn to grind according to the rules. 
Mathematics is a school of thinking. 


This is the point of view of certain logicians, philosophers and humanists. 


To be sure, these two points of view are rarely stated so baldly, but they are 
nevertheless the basis of the arguments daily put forward by the protagonists of the 
reform of teaching. They are obviously not new, and are only one aspect of a classic 
argument vigorously set forth by Rabelais. 


The more and more important place that machines are taking in our civilization 
can help us to evaluate these two points of view more accurately. In the course of 
their development machines are gradually taking over tasks of ever increasing 
complexity and replacing human labour in transport, speech, memory and calcula- 
tion. It will not be long before some of them will be able to translate and others to 
take decisions based on a vast mass of facts and in so doing even take into account 
their past experience. They are thus capable of activities that used to be considered 
as necessitating a human intelligence. We are thus led to ask ourselves what in fact 
distinguishes a human mind from a machine. 


If man considers himself superior to a machine it is because he has constructed 
it and understands it; it can do only what it was designed to do; whereas he on the 
contrary remakes himself ceaselessly, becomes more and more complex, and feels 
capable of going beyond any limit fixed in advance. 


Man is a creator; the aim of our teaching is above all to awaken and develop 
the creative power of our pupils. 


Conception A now becomes untenable. The “things to be known” have their 
rightful place in lists of formulae, in books and in the memories of machines; one of 
the aims of our teaching is incidentally that our pupils should learn how to look up 
facts in such lists and books. Conception B is no more tenable; mathematical activity 
is not simply knowing how to deduce long chains of sound reasoning from given 
premises; machines can already do that; it was a long time ago that Turing 
thought of a logical machine capable of turning out impeccable formulae of formal 
logic. 

Mathematics does not advance along predetermined lines; not only are the 
basic axioms chosen by the mathematician for their beauty and interest—two very 
human ideas—but at every moment he has to pick his way, to select good definitions 
and interesting ideas. The creator must know how to observe, choose, deduce and act ; 
and each of the stages of the theory he is building up requires all of these various 
activities. 

The task of the master is to show the pupil how creative work is done; and for 
this he cannot do better than to take as his model the scientific research worker. 
Moreover he cannot play his part fully unless he himself has had experience of 
creative activity at some level, no matter how modest, for example in re-writing his 
course from scratch without referring to books or notes of any kind. We have all 
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of us noticed that on the days when we had thought out our lessons afresh with 
enthusiasm, our pupils were more attentive and intelligent. It is easier to assist our 
pupils to rise from one mental level to another if we have just remade the ascent 
ourselves. Hydrogen reacts more vigorously when nascent; in the same way our 
nascent re-discoveries more readily awaken an echo in our pupils, 


The two conceptions, A and B, though untenable, each contain a part of the 
truth; every living organism is built up of chemical elements that obey exact 
physical laws, but chemical elements and physical laws together are insufficient 
to make a living being. 


We shall find the model we are looking for in the activity of the physicist; he 
observes and chooses, he reasons about his observations, and finally draws conclusions 
leading to practical results (plans for new experiments, manufacture of instruments, 
etc.). 


Thus we are led to distinguish three phases in the teaching of mathematics: 

1. In the first phase the mathematician is an observer. He has at his disposal 
certain materials, either provided for him or else chosen by him. If he already 
has some experience, they may be mental, otherwise they are physical. He 
experiments with these materials and finally arrives at clearly stated laws 
and ideas which will become axioms and, at a later stage, definitions. 


For example, Desargues’ materials were sheets of paper, rulers and 
pencils. From these he arrived at the axioms of projective geometry. A 
mathematician making use of sheets of paper that can be folded, rulers, 
compasses, and pencils will single out the axioms of a plane geometry based 
on the idea of symmetry with respect to a line. 


2. Starting from the laws and ideas thus discovered, theorems are deduced by 
the process of logical reasoning. This is the deductive phase. 


3. These theorems furnish fresh material that did not exist before. They may 
take their place in books of formulae, serve as a basis for further study, or 
else act as tools for the physicist or the chemist. 


These three phases reveal the mathematician as a kind of physicist working 
with mathematical materials. They form a cycle, but, as we have already pointed out, 
each major cycle is made up of a number of minor cycles, and in fact every advance 
by a research worker passes through the three phases we have just considered. 


Phases 3 and 2 correspond fairly closely to the two classical conceptions A and 
B, whose insufficiency we have just made clear. We now wish to underline the peda- 
gogical implications of phase |. 


If it is necessary for children to learn how to observe, choose, and single out 
laws and ideas, they must be placed in situations that will call forth such activities. 
Concrete material is too often scorned by teachers who confine themselves to the 
deductive phase (and they are the ones who complain that certain pupils just cannot 
learn mathematics); whereas anyone who has made even a little use of strings, 
elastic bands, sheets of plastic, watches, the shadow of a window, the alignment of 
trees in an orchard, etc., knows how rich are the mathematical situations that they 
suggest or force on one. 











The cinema can present, in the dynamic way so characteristic of that medium’ 
situations that no other material can furnish; the films of Nicolet and Fletcher are 
examples. In a good film a figure does not remain isolated, it changes size or shape 
and takes its place in a family of analogous figures; the film is thus particularly well 
suited to portray that aspect of modern mathematics we shall now call dynamic. 


There is also abstract material. In the mind of an already experienced pupil 
there is a stock of images derived from well assimilated situations, and for him these 
images are the equivalent of concrete material. Into this stock—which he should 
know well—the master can dip, and by combining several of these images form a 
situation simple, yet fertile and rich in intuitive content and likely to lead to the 
acquisition of a new idea. In every case the selection and the study of a mathematical 
situation is an essential stage; it is during such a study that the master has the joy 
of seeing his pupils’ faces light up one by one and of hearing them say “Now I 
understand”. 


The importance of this first phase has as its corollary the necessity of a thorough 
understanding of child psychology. Since the pupil has no longer just to learn certain 
facts and be able to use certain rules (simplification of fractions, transposition of a 
term from one side to the other, division in a given ratio, etc.) but is going to be 
called on to make use of his higher faculties, it is important for us to know what ages 
are most favourable for the acquisition of such and such ideas, what are the difficulties, 
and in what precise situations we should place the pupil so that from then on he will 
never confuse different structures (division instead of subtraction, etc.). 


Too few psychologists are yet studying these problems. Each of us must collabo- 
rate in this work and do his utmost to discover how his pupils’ minds work. If we 
fail to do this, there will always be a barrier between them and us, and the words we 
speak will remain for them parts of one of the most unintelligible of foreign languages. 


As soon as we cease to consider mathematics as a sacrosanct monument based 
on eternal axioms, with its theorems in an immutable order, and begin to put the 
accent on creative activity we find the scope of our teaching increased astonishingly. 
Both concrete and abstract material is rich in hidden structures, and it is difficult 
to accept some and reject others. The word “geometry” then takes on a wider 
meaning; geometry becomes once more the study of the mathematical situations 
presented to us by the world. There is no longer any need to restrict ourselves to the 
group of displacements or similarities; shadows and perspectives force us to study 
projective geometry. Rubber sheets and cloth lead us on to still more general trans- 
formations; solids take precedence over plane figures; the modern world itself suggests 
systems of axes, ruled surfaces, etc. Symmetry (often wrongly considered as a dangerous 
argument, not to be used in a proof but to be replaced by congruence of triangles) is 
restored to its fundamental place. We are also forced to undertake the study of 
chance. 


If we wish, in phase 3, to obtain from mathematics rules for action in the material 
world, our mathematics must have its roots in that world. We must no longer banish 
basic ideas from our teaching in favour of an elaborate theory, many parts of which, 
though certainly elegant, have ceased to be functional. 





What Mathematics shall we teach? 


We have just seen that if we wish to respect and develop our pupils’ creative 
activity we are obliged to make a study of the material objects in the world around 
us, and that this leads to a great increase in the number of ideas that our pupils 
have to acquire. Our knowledge of child psychology imposes yet another condition; 
the mathematics we teach must be adapted to the developing mental structures of 
our pupils. We are also concerned with establishing solid links between teaching 
and research; we must then, as far as possible, teach mathematics that satisfies the 
research worker as regards language and rigour and contains the ideas that he 
regards as fundamental. 


On the other hand we want the mathematics we teach to be economical of 
thought. For mathematics now is in the position that industry was in at the beginning 
of the century. Since the introduction of machinery, factories had been growing by 
the successive addition of extensions; they were all complicated and cluttered up, 
and there was a risk that the complication might prevent any further development. 
Then a solution was found; the old factories were pulled down and in their place 
arose new ones, well-lit and functional, that produced more with less noise and 
work, In the same way mathematics is now overgrown; if we wish to meet the needs 
of technicians, physicists, statisticians, and others, we must drive wide avenues 
through the network of side streets, avenues that lead directly not only to all the 
important ideas at present in use but also to all the growing points of the city. 


Lastly we want our mathematics to be a joy, to intrigue the minds of our pupils; 
for that is most certainly our master trump card. 


The demands are many but they can be met by the modern mathematics that 
has come into being bit by bit during the last fifty years. Perhaps after all we shall 
not find it so miraculous that there is a way of meeting all these requirements if we 
admit that the human mind—and that of the child is ready to take on the same 
structure as that of the man of science—is only fully satisfied by simple clear ideas 
adapted to the world in which we live. 


Basic ideas of Modern Mathematics 


Modern mathematics was born when a suitable language became available 
that of the theory of sets created by Cantor—and sufficient mathematical entities 
had been studied for the need of general theorems to be felt. It is a child of Descartes 
as much because of his having opened up the way of synthesis by creating the powerful 
tool of analytical geometry, as on account of its following directly his advice to divide 
difficulties into as many parts as necessary for each part to be separately solvable. 


An example will help us to understand one of its characteristics better; the set 
R of real numbers has very numerous properties: existence of addition, multiplication, 
order and limits. Now it is clear that certain statements relating to R involve only 
one or two of these properties; for example the idea of a polynomial uses only addition 
and multiplication, the idea of a numerically increasing function involves only that 
of order; each of these basic properties corresponds to what is called a structure; in 
the cases referred to the structures are a ring, order and topology. 
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The fundamental structures are the machine-tools of mathematics; each of them 
is simple and is concerned with only one aspect of mathematics, thus it is easy to 
study them separately. As these basic structures are to be found everywhere, it pays 
to study them deeply and thoroughly once and for all. The most important of them 
are: 

1. Equivalence relations, 

2. Partial and total orderings, 

3. Algebraic structures, including groups, rings, fields and vector spaces, 

4. Topological structures. 

An experienced mathematician sees rapidly which structures are involved in a 
given problem and then immediately has at his disposal the arsenal of theorems 
relating to each of these structures. Moreover his work is made easier by the study 
which has already been made of certain structures that we shall call complex and 
which are the result of the coexistence of two or more compatible simple structures. 

As an example of a complex structure we may take the topological group, which 
is a set which is both a group and a topological space, these two structures being such 
that the group operators (product and symmetry) are continuous. Vectorial topo- 
logical spaces and ordered groups are two other examples of complex structures. 

Certain questions involve a very large number of structures; such for example 
are potential theory, differentiable varieties, and partial differential equations. 

The study of a simple mathematical structure is based on a small number of 
axioms; nothing is assumed about the entities being studied, only the relations 
between them are taken into account. Great generality results; the statements of 
modern mathematics are nearly always about not one single entity but a vast class. 
The research worker is not satisfied until he has been able to choose his definitions 
so that the class of entities to which his results apply cannot be enlarged without 
completely reshaping his theory. This generality has two advantages: firstly, one 
general statement covers a large number of particular instances, and although some 
of these are already known, others may well be unforeseen; secondly, the study of 
so many entities together facilitates the study of each one separately; in a way each 
throws light on the others. That is what we meant when we spoke earlier on of the 
dynamic quality of modern mathematics. This dynamic quality is moreoever en- 
hanced by the easy handling of operations that is permitted by the theory of sets 
and its associated system of symbols; in numerous proofs a family of sets is subjected 
to various metamorphoses: transformations, intersections, unions, closures, associated 
groups, etc, On this point modern mathematics is in full accord with the precepts of 
the best pedagogy: to understand a property, compare it with similar ones, study its 
negation, etc. Finally, the detailed and rigorous study of the fundamental structures 
has furnished mathematicians with an accurate, supple, and vivid vocabulary and 
has given them habits of rigor and concision often unknown to their predecessors. 
The frequent use of the axiomatic approach has made clear how definitions should be 
framed, and that a proof should not be a rambling discourse but should be broken up 
into lemmas and theorems whose logical relations are clearly indicated. 


Some basic structures 


We are now going to recall somie of the well-known definitions of certain structures 
that we have selected on account of their importance and simplicity: namely, 
equivalence relations, order relations and groups. 


12 





Psychologists in general, and Piaget in particular, have underlined the fact 
that they correspond to structures in the minds of children. It is not in any way 
astonishing, since mathematicians are only children who have grown up, that one 
finds in germ in the minds of children the very structures that will appear important 
to them and whose use will give them satisfaction when adult. 


In general, by a binary relation on a set E we mean a subset S of the set E x E 
of the ordered pairs (x, y) of points of E. We say that x and » are in the relation S 
if (x, y)e S; this is also written x S y. For example, if S is the diagonal A of E x E 
[the set of pairs (x, x)], the relation is none other than equality. 
1. Equivalence relations on FE. 
Equivalence (often written ~) is a relation such that: 


(a) for every xe E,x ~ x (reflexivity) 
(6) (x ~ y) implies (y ~ x) (symmetry) 
(c) (x ~ y) and (y ~ z) implies (x ~ z) (transitivity). 
Examples: 


(i) & is the set of pages of the Small Larousse Dictionar,,. We write x ~ » if 
x and y are of the same colour. 

(ii) E is the set of pupils of a school. We write x ~ » if x and » belong to the 
same class. 

(iii) E is the set of plane polygons. We write x ~ » if the areas of x and » are 
equal. 

(iv) £ is the set of integers. We write x ~ » if (x — ») is divisible by 5. 

(v) £ is the set of lines of the Euclidean plane. We write x ~ » if x and y 
are identical or have no point in common. 

(vi) E is the set of whole numbers >1. We write (p,q) ~ (p',q') if pq’ = pq. 


vii) E is the set of sequences x + Sear Xn, .....) Of rational 
numbers such that x» xy > Oaspandq—> ©. We write x ~ » if 
(Xn in) >Oasn> 


With every equivalence relation S$ on E there is associated a partition of E into 
equivalence classes; the class of a point x being the set of all »y ~ x. These classes 
(any two of which are either identical or have no common point) constitute a new 
set, written E/S and called the quotient of E by S. 


The idea of a quotient set furnishes a powerful method of rigorously defining 
new mathematical entities; thus in examples (iv), (v), (vi), (vii) above the elements of 
E/S are respectively: the elements of a commutative ring of order 5, the directions 
of the lines of a plane, the positive rational numbers, all real numbers. 

2. Order relations on E. 
An order relation, written < , is a relation such that: 


a) for allx ¢e E,x < x reflexivity 

(b) (x < y) and (» < x) implies x = 5 antisymmetry ) 

c) (x < y) and (y < z) implies x < z transitivity). 
Examples: 

(i) E is the set of all integers > 1. We write x < y ifx = yor if(y—-x) c E. 
(ii) EZ is the set of all integers > 1. We write x <_» if x divides y». 


(iii) & is the set of all subsets of a set A. We write x < y» (more usually x € y) 
if x is a subset of ». 


1} 











iv) £ is the set of all polynomials in ¢, with real co-efficients. We write 
v< pifa y or if in (9 x) the term of lowest degree has a positive co- 
efficient. 
v) E is the set of numerical functions on the interval [0, 1]. We write x <_» 
if, for all ¢ ¢ [0, 1], we have y(t x(t 0. 
In example (i) the ordering is total, that is to say every two elements x, y of E 
are comparable: we have either x <_y or_y < x. This is not true in the other examples. 
Example (ii) shows how the ideas of the theory of divisibility (prime numbers, 
highest common factor, lowest common multiple) can, in fact, be expressed in terms 
of order. 


3. Groups 


Che idea of an abstract group arises both from examples such as the real line, 
the complex plane (addition being defined), and from the study of groups of trans- 
formations (permutation groups of a finite set, group of translations, displacements, 
homotheties, and similarities in the plane or in the space R*), It is one of the pillars 
of modern mathematics. 


Let us begin with a more general idea; by an algebraic structure (with one 
law) on a set & we mean an operation, i.e. a mapping of E x E into E; the image 
of a pair (x,y) is written x - y, xy, or x + , etc. according to the particular case. 

Examples: 

i) if E is R, the functions (x, y) — x + y, (x, y) — xy, (x, y) > (x + 2y) 
are operations. 

ii) if Z is the set of all subsets of a set A, intersection and union are operations 
written (x, y) > x © »y and (x, y) > x U ¥, respectively. On the contrary if 
E is the interval [0, 1] the mapping (x, ») - (x + ») is not an operation, 
since certain elements (x + y) do not belong to E. 

An element ¢ of E is said to be an identity element if for every x of e we have 
ex = xe x. It is obvious that there can be at most one identity element of £. 

The operation is said to be associative if for all x, », z of E we have 

xy) > Ze x-(y> Zz). 

Ifan identity element ¢ exists we say that x and x’ are inverses if xx’ = x'x = ¢ 
when the operation is associative; every element has at most one inverse. 

We can now define a group: a group is a set on which is defined an associative 
operation with an identity element and in which every element has an inverse. 

Thus the operation (x, y) + xy on R is not a group on R because 0 has no 
inverse, but it is a group R* R — {0}. 

The operation of union (x, y) - (x U y) has a neutral element ¢ but the other 
elements have no inverse, so this operation is not a group law. 

One cannot always show immediately whether or not an operation is a group 
law. Thus let us consider on E = (R*)* the operation defined on the set of pairs 
a,b) of real numbers not both zero, by (a,b) - (a',b’) = {(aa’ — bb’), (ab’ + a’b)}. 
Of course we recognize this as the multiplication of two non-zero complex numbers, 
but it is tiresome to verify directly that the conditions for a group are satisfied. 
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+. Permutation Groups. 


Let f and g be two permutations of a finite or infinite set A (a permutation is 


a one-one mapping of a set onto itself). Their product / fg or f (g) is defined by 
h(x) f[{g(x)]. The inverse of f is written f—!; then we have f , f~' =f 3. f=. 


which is the identity mapping of A onto itself. 


Obviously the set of permutations of A with this operation is a non-commutative 
group with ¢ as identity element. In fact one is often interested in certain only of the 
subgroups of this large group. 


Let us refer here to a common error that consists in giving the name of permuta- 
tion to a transformation that is not a permutation: thus it is that one often hears of 
the “group” of homographies (a homography being defined by 

x : ar b a’x b’ 

where ab’ — a'b # O of the line 2). An abstract group is certainly obtained by taking 
the set of all such rational fractions with the law furnished by an elementary formal 
substitution; but this group is not a permutation group, since firstly the expression 
ax b)/(a'x + 6’) has no meaning when a’x b’ is zero, and secondly the 
point (a/a’) is not the image of any x’. To overcome this difficulty we add a new 
point, called the point at infinity, to R, and this gives us the projective line. It is 
the same in the plane for the products of inversions (introduction of one point at 
infinity) or for projective transformations (introduction of a line at infinity 
Ihese examples show how the need for ending up with a permutation group leads 
to the completion of a space by the addition of new elements 


The Influence of Modern Mathematics on Teaching 


We have set forth our views on the teaching of mathematics and considered 
their pedagogical import. We now wish to examine their implications with respect 
to the choice of basic ideas and for the syllabus as a whole. There are two ways in 
which a reform can be made; one is to scrap existing syllabuses completely and the 
other is to make gradual alterations to them. We shall not attempt even to outline 
a complete recasting. One can certainly think of various fascinating projects but 
their value is unkown without a prolonged and large scale experimental test; now 
it.is useless to try to hide from oneself the difficulties that would be encountered 
the existence of official syllabuses, the smallness of the number of teachers converted 
to the new viewpoint and their lack of experience with the new method. Certainly 
we think that the attempt should be made even now, and that once under way 
the results will encourage others to push ahead in the same direction; but a first 
stage, urgently necessary and possible everywhere from now on if a serious attempt 
is made, and capable of providing a base for further advance, is a more or less profound 
improvement in teaching methods brought about by numerous short refresher 
courses, discussions with psychologists and research workers, and active participation 
in the work of the pedagogical reviews. If this is coupled with a growing enlightenment 
of the teachers resulting from conferences, long courses, lectures, reading, and study 
of the more accessible parts of modern mathematics, a revolution in syllabuses and 
text-books will soon occur. 











We should keep our syllabuses by and large the same but gradually cut away 
the dead wood; certain overgrown branches must be drastically pruned (metrical 
study of conics, inversion, etc.) and the accent put on important but neglected 
topics (basic ideas of algebra, transformations in general and linear transformations 
in particular, convexity). We must stop regarding symmetry as a taboo tool, and 
on the contrary make use of it whenever possible. 


The foundations should be made more solid. Everything should be built on 
axioms that are simple and clear, though strong. No words should be introduced 
without their meaning being clearly defined, and the definitions should be chosen 
so as to emphasize the important structures: for example, instead of the definition 
‘*Two lines in a plane are parallel if they do not meet,”’ which makes parallelism thus 
defined non-transitive and favours clumsy or false statements, we should say ““Two 
lines in a plane are parallel if they are identical or do not meet’’. Parallelism thus 
defined is an equivalence relation whose equivalence classes define the “directions” 
of the plane, and it is a remarkable fact that to say that parallelism is an equivalence 
relation is logically equivalent to saying that Playfair’s axiom is true. 


We should also select proofs that utilize only those structures necessarily in- 
volved in the question under consideration. Examples: (i) The definition of a limit 
on the real line is based on its order structure; it is, therefore, preferable in dealing 
with questions involving such limits to base the proofs on the order structure of the 
line rather than on its group structure. 


(ii) In proofs of affine and projective properties, metrical and angular consider- 
ations are out of place. 


iii) All other properties of the cone and the cylinder should be deduced from their 
characteristic property of invariance with respect to a group, of homotheties with 
the cone and translations with the cylinders. 


Mathematicians have long since simplified the classical proofs of many elemen- 
tary results with a view to extending them to general spaces. These simplified proofs 
are more elegant than those usually found in school text-books and should replace 
them; in some cases an entire chapter needs re-writing. Thus by the use of 
Pythagoras’ theorem a proof of the famous theorem of the three perpendiculars can 
be given that is immediately generalizable to R"; the introduction of the scalar 
product allows, among other things, of a simple proof of the theorem of Pythagoras 
and leads directly to the metrical relations between the sides and angles of a triangle. 


Powerful general methods have been discovered which not only render useless 
a host of particular devices but also open the door into a new world; when such 
methods are within the reach of our pupils they should invariably be used: thus the 
integral calculus should replace all the special methods previously used for calculating 
the areas and volumes of tetrahedra, cones, spheres, etc. 


How best to deal with the foundations of Euclidean geometry is a key question. 
Of course for the professional mathematician there is no problem at all. For him the 
Euclidean space R" is either a vector space of n dimensions or else the set of 
sequences (%,, %,....-. , Xn) of real numbers; this constructive definition implies 
the whole of affine geometry, the definitions of lines, planes, and convex sets, and 
a simple and correct definition of orientation. The introduction of the scalar 
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roduct (by definition x - »y = x» %») leads immediately to the idea of distance 
P y pp y 


and the whole of classical analytical geometry. It is truly the royal road. 


But the pedagogical problem is less simple. The idea of a vector is certainly 
sufficiently closely linked to the concrete for us to be able to base our teaching of 
affine geometry on the vector structure of the plane and of space; but things do not 
appear to be so pleasant when we introduce the scalar product and distance, at 
least if we intend to adhere to the principle we have laid down, namely the necessity 
of deriving our basic axioms from the observation of concrete situations. 


Euclid’s axioms are firmly based on the concrete but since Hilbert’s time it has 
been known that the Euclidean axiom set is incomplete and that if it is completed 

as was done by Hilbert) the result is complicated and artificial. 

Various interesting attempts have been made to solve this problem, and none 
of them is entirely satisfactory; thus further research is urgently needed. 

To meet our requirements a set of axioms should be small in number, simple 
yet strong, directly derived from the concrete, and such as to permit us to deduce, 
in only a few steps, interesting consequences less intuitively obvious than the axioms 
themselves. In particular they must enable us to arrive rapidly at the vector structure 
of space and at the scalar product; for starting from there we can make full use of 
the techniques of analytical geometry whenever they enable us to shorten an argument 
of the “geometrical” type or make it more rigorous. 


Lastly, and this is one of the most urgent reforms, we must improve the mathe- 
matical language used in teaching and in the text-books and enrich it with an 
evocative symbolism. We should abandon worn out or ill-defined terms such as 
“figure, cut, slide, etc.’’ and replace them by new ones such as “‘set, intersection, 
translation, etc.’’ Expressions such as “necessary, sufficient, necessary and sufficient,” 
that even adults find difficult to understand, should be banished in favour of “A 
implies B, B implies A, A is logically equivalent to B, or in symbols A > B, B > A 
A <> B.” 


> 


One of the reasons why our pupils find it hard to express themselves is probably 
that they have not adequately understood the ideas that they are called on to express; 
this is certainly often so with the ideas of a converse and a locus. If we use a suitable 
symbolism we can put these ideas into an intuitively obvious form. Now such a 
symbolism already exists; it is that of the theory of sets. From very early days our 
pupils should, therefore, be accustomed to the use of the signs ¢, C, A, U, C (being 
a member of, inclusion, intersection, union, complement) ; it should be pointed out 
to them that in locus problems the conjunction (disjunction) of two properties 
corresponds to the intersection (union) of two sets. For example, they must be told that 
solving a system of equations a; x + 5; » = c; is equivalent to finding the intersection 
of the plane sets X; defined by each of these equations. 

We must be exceedingly suspicious of certain little words of ordinary speech, 
such as “‘if, a, the, some”’; what, for example, can one make of the sentence “A plane 
is horizontal if the line through two points of the plane is horizontal.” Only a 
mathematician could attempt to rewrite this puzzle and decide on the meaning of 
those wicked little words. We should, therefore, strongly insist on the exclusive use 
of the quantifiers “for all” and “there exists” (in symbols y and 7) and on the impor- 
tance of their being correctly placed in the sentence, 
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The study of some well-chosen examples in which a change in position of these 
quantifiers entirely alters the meaning is most instructive and shows the need for 
such insistence, Compare, for example, the following sentence :— 

a) For every line D there exists a line D’ parallel to D. 

b) There exists a line D’ such that for every line D, D’ is parallel to D. 

c) There exists a line D’ parallel to D for every line D. 

a) and (b) are well constructed logically but have entirely different meanings ; 
c) is incorrect because one should never speak of an entity before introducing it by 
a quantifier; such an error in a simple sentence can often be easily corrected, but 
in a complex sentence it may lead to grave ambiguities. 

rhis concludes our examples of desirable yet practicable changes. If these are 
made in conjunction with a serious effort to centre our teaching not on what we as 


teachers have in our minds but on the creative activity of our pupils, a noteworthy 
step forward will have been taken. 


(he article above first appeared in L’ Enseignement des Sciences (published from 
115 Boulevard St. Germain, Paris VI) and is translated and reproduced by kind 
permission, 

The author is Professor in the Faculty of Sciences of the University of Paris, 
and President of the International Commission for the Study and Improvement 
of the Teaching of Mathematics. 
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PAPER FOLDING 
R. M. FYFE, 


The teacher who decides to attempt any of the work suggested here with pupils 
should arrange for a large supply of cheap paper to be available, so that activity 
is the keynote of these lessons. A piece of squared paper is also required for I (ii). 
It is also suggested that the reader will be better able to follow the article if he or 
she actually performs the examples while reading it. 


I SYMMETRY 
(i) One fold gives a straight edge. It is useful for measuring distances on a map, 
for transferring scales from one piece of paper to another, etc. 


By cutting shapes from the double sheet, we produce examples of symmetry 
about the line of fold. If holes are made, we notice the difference in effect of taking 
them from the fold, from the other edge, or from the middle. 


Further folding and cutting produces d’oyley type patterns to illustrate four- 
fold, six-fold, eight-fold symmetry, etc. 
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(ii) A second fold can produce a right angle, and this is useful for many of the 
purposes for which a set square is employed. Or, when the paper is opened out, 
we see four quadrants. 


From the sheet folded twice, call the folded corner O, have A any point along 
the first fold, and B any point on the second fold. 


(a) If OA = OB, and we then fold (or cut) along AB, what shape results ? 


b) If AB = 2 OA, what is the shape? Is an equilateral triangle present? 
Why? 


c) IfOB = 204A, we can ask: how long is AB? From squared paper we can 
make a square on AB and calculate that its area is 5 square units, and 
from this it must be true that AB = 4/5 units (Taking OA as a unit). 


(d) How long is AB in (a), and OB in (b) ? Can folds be made whose lengths 
are 1/8, 1/10 units, etc. ? 


(e) Calculate the areas of all squares and rhombuses made, for each of them 
taking the particular choice for the length of OA as the unit. 


(iii) Can Kites be made by folding? Make some. What kind of symmetry do they 
possess ? What properties of the kite may one see from this work? 


II SQUARES 


Fold a new piece of paper twice, as in I (ii), and then fold OA on to OB. 


(i) Opening it up, we have eight points of the compass, and can use it for the 
usual work on this. 


(ii) Do it again, but leave it folded. OA now coincides with OB; the new fold is 
called OC. 


(a) Choose OA AC and cut. What has been made? 
b) Choose OC = AC and cut. What is it this time? Using this one, fold so 
that OC lies on AC; new right angle at D (on OA) 
fold so that OD lies on CD; new right angle at E (on OC) 
fold so that OE lies on DE; new right angle at F (on OD) 


(or as far as possible). 


Opening out, we find a series of diminishing squares, and ask: is there 
a smallest one? We can write the series in terms of areas of squares, or 
lengths of their sides. 
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Using the paper just prepared, draw a pair of lines through O at right 
angles to each other, but having directions different from the folds. 
From this beginning, a second set of diminishing squares can be drawn: 
join the four points where the drawn lines cut the largest square; this 
forms a square PQRS, say. Where the sides of PQRS each cut the second 
largest folded square should then be joined; this gives the next square, 
pqrs. The succeeding square is obtained by joining the points where pgrs 
cuts the original pair of lines. And so on successively. 
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Folded lines dashed ; drawn lines solid, 
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III OCTAGONS 


Begin again, as in II. 





i) Make OC OA, and cut along AC. This is a regular octagon. Further folds 
give its diagonals, and the shapes contained can be looked for and named. Ratios 
of areas of parts and whole, or of parts with other parts, is a fruitful investigation, 
and helps forward the education of perception. 


ii) Now begin again and have OC = AC, then fold at A so that AC coincides with 
part of ) AO. Does this bisect the angle at A? The fold meets OC in D. Is D the middle 
point of OC? Check. Now cut along AD, and open out. 


Alternative stellated octagons (four pointed stars) can be made with D as 
the middle point of OC, or at any other position along OC, Notice that in all these 
cases the sides of the octagon are equal in length. 


(iii) How could an eight-pointed star be made? 


IV DODECAGON, HEXAGON, EQUILATERAL TRIANGLE 
i) Starting with two folds, it is possible, with care, to make simultaneously two 


new folds OP and OQ (one forwards and one backwards) which trisect the right 
angle at O, and when folded OQ lies on OA, and OB lies on the back of OP. 














If we make OP = OQ and cut along PQ, we find a -dodecagon which we can 
use as a “clock’’, doing various calculations of angles between the hands at various 
times. 


(ii) Joining alternate “‘spokes’’ of the dodecagon we have a regular hexagon, 
and by further folding to make its diagonals, can find shapes and their areas, viz. 
right-angled triangles, equilateral triangles of two (or more) sizes, rectangle, 
rhombus, kite, isosceles trapezium, etc. 


iii) An accurate equilateral triangle can be made as follows: 
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B’ 
B Cc Q 
(a) A piece of paper has AP parallel to BQ, and AB perpendicular to these 
edges. 
(b) fold the paper so that BQ coincides with AP. Unfold. (Broken line in 
diagram). 
c) place B on the dotted line at B’, and fold radially from 


A. Thus the 
line of fold is AC, and C is a point on BQ. 


d) fold the paper again, along CB’. 


V CONCURRENT LINES ON A TRIANGLE 
Three folds (or two, and a straight edge of the paper 


wil produce a triangle 
of any desired shape. 


(i) Three new folds (in each case) will find: 
a) intersections of angle bisectors, the incenire. 
(b) intersections of medians, the centroid. 


(c) intersections of perpendicular bisectors of sides, the circumcenire 


(d) intersections of altitudes, the orthocentre. 


All of these can easily be done in one lesson, for several different shapes of 
triangle in each case. In particular a scalene triangle of the pupil’s own choice 
could be cut out four times (from four folds of paper on top of each other) so that 
comparison can easily be made between the results of (a), (b), (c), and (d). What 
we aim to do is to give visual and tactile conviction of the differences, to avoid 
the confusion of mind in which pupils so easily find themselves at a later date. 


ii) Interesting diagrams also result: 
(a) if each half angle of (i) (a) is also bisected, 
(b) if medians of the half triangles 


from the original vertices) are also made. 











VI ENVELOPES 
(i) A circle is drawn on a piece of paper, and a point marked elsewhere on the 
paper and outside the circle. 


The instructions are: bend the paper so that the point is made to lie on the 
circumference of the circle. Press down the fold. Repeat a large number of times. 


What is the envelope of the folds? 


N.B. If the “point” is reinforced with sellotape, a compass point can be used 
to locate the positions. It is recommended that two pupils should be allowed to 
work together. 


(ii) Repeat for a point on the circumference. 
iii) Repeat for a point inside the circle. 
(iv) Repeat with the centre of the circle as the “point”. 


(v) A circle of infinite radius is a straight line. Use the same technique to find 
the envelope of folds made when a point not on a line is made to coincide with 
points on the line. 


(vi) What happens if the “point” is on the given line? 


VII REGULAR PENTAGON 

As is well known, a regular pentagon can be constructed from a strip of paper 
tied in a single knot and carefully flattened so that the end of every fold coincides 
with an edge of the strip of paper emerging from below it. Cut off, or fold back, 
the surplus ends of the strip of paper and untie to examine the isosceles trapezia. 
Before doing so, pupils should be asked to say how many of them they will find. 





GRAPHS IN THE JUNIOR SCHOOL. 


DAVID T. MOORE. 


Even more than other parts of the mathematics syllabus a study of graphs 
must weave its way through the whole of a child’s school life, starting at the primary 
level. Since the most important aspect of this study lies in the interpretation of a 
graph it is probably better to start from this stage. The teacher will find many 
opportunities to provide a graph of some class activity; attendance, weekly savings 
totals, room temperature, marks, football, cricket, rounders or netball scores. If 
one or two graphs of this nature are maintained on the classroom wall for some 
considerable time before it is intended to introduce a formal study it will be found 
that the children will become quite used to noticing changes and reading graphs 
which concern their own behaviour or environment. 


Pictorial graphs will almost certainly be used in some of the textbooks available 
in the school. A study of transport through history will often use pictures of ships 
from the Golden Hind to the Queen Elizabeth drawn to scale (more or less) to 
illustrate the growth of carrying capacity. The increase of population in towns 
over the years, or the population of towns in various parts of the country, may be 
illustrated by pictures. Any examples of this nature should be collected and kept 
in mind until it is felt that the time is ripe to build on the experience gained. 


This work cannot be attempted until the children have a fair experience with 
scale drawing and particularly they must be ready to discuss the choice of a scale 
suitable to the project in hand. 


The work should be started with data of a statistical nature relating to the 
children themselves. For example they may start by drawing a pictograph of their 
own families, big figures for adults and showing just where they themselves fit in. 
The next step might be to consider a larger group of children, the whole school 
perhaps and show how they are distributed in classes; this involves the idea of scale. 
The child must be led to realise that not only does one figure stand for x children 
but also that each figure must be identical as an idealised child. This stage of 
abstraction often proves most difficult; because of this difficulty it is most important 
that this step should not be hurried. A great deal of practice is needed in changing 
from symbol to what it represents and vice versa, keeping to small numbers at all 
times. Examples which might be used are:- the number of motor cars passing the 
school at different times of the day; the number of cows kept at each of the local 
farms; and any other items which can be collected by the children. 


The block graph might be introduced by keeping a weekly record of class 
savings or something similar where the scale is reasonably large and the growth 
of the bar or block is seen to be connected with what actually happens. It will be 
seen to be much simpler to draw than an isotype using pictures of coins or notes 
to represent the amount saved and yet shows the situation quite clearly. Again an 
extension can be found in comparing the savings of various classes at various 
intervals during the term, and many other situations will provide material for 
making graphs. 
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the line graph will probably arise either from keeping a regular record of 
frequently changing phenomena or from deciding that the only thing that really 
matters on a bar graph is the tops of the bars which could be joined up. The Junior 
school is no place for considering the question of continuous and discontinuous 
variables. 


Since the most important lessons to come from a study of graphs lie in the 
ability to interpret the information given in a semi-abstract form, it is most important 
that some use can be made of a graph when it has been drawn, either to compare 
certain data or even better to make a forecast or to discover something new. 


This will be found a most interesting and exciting branch of mathematics 
providing that material used is well within the children’s experience and as far as 
possible is collected or discovered by themselves. 


SECTIONS OF A CONE. 
D. J. LUMBARD. 


Sectioned cones of solid wood, perspex, celluloid sheet, etc., are expensive and 
difficult to make. This version presents neither difficulty and has proved popular 
in consequence. Total cost of materials — not more than 2/6d. 


Obtain from a handicraft shop a circular plywood disc as used for a base in 
cane basket making. This will be drilled at regular intervals around its circumference 
and will form the base of the model. Use this base to determine measurements in 
the drawings required to obtain the sections (Fig. 1.) height being an arbitrary 
measurement, The number of generators must be the same as the number of holes 
in the base. 


The drawings should be done on graph paper carefully arranging the pieces as 
the drawing proceeds in order that the thick lines become the major axes of the 
curves as in normal plotting. Now cut out the sections with approximately }” margin 
and stick on cardboard. Some stationers supply graph printed card admirable for 
this purpose. A circle of graph paper is required to cover the base. Holes about +” 
diameter must now be punched around the section curves at the points where the 
generators penetrate as indicated by the drawings. 
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Fig. 2 represents the completed model. A small pin has been forced into the 
centre of the base and a length of dowel 4” greater than the required height has 
been forced onto this pin. A second pin protrudes from the other end of the dowel. 
The model is formed by threading shirring elastic through a hole in the base, 
through the appropriate holes in the sections, around the pin at the top of the dowel 
and back through the sections to a base hole diametrically opposite the first one, 
and so on. The elastics will hold the dowel firmly in place as the threading proceeds 
and adjustment of loops beneath the base will ensure that the dowel remains 
perpendicular to the base. 


The conglomeration of elastics at the top of the dowel must be improved and 
it will be noticed that the sections distort the generators. This is due to the fact 
that the dowel’s effective length is approx. }” too great. To tidy the elastics and correct 
the height, a small length of rubber tubing is pushed down over the top of the 
dowel to provide a regular array and protect the pin. 


Points to note: 

|. The sections are now visible on graph paper in the way in which pupils 
meet them in their own graph books and graph paper pasted on both 
sides of the card is an improvement. 


2. The generators of the cone are immediately obvious but will be distorted 
if the holes in the card are too small. 


3. The parabolic and hyperbolic sections can be glued to the base by a flap and 
then the circular graph paper is slotted and glued over these flaps to hide 
them. 


A WORDY PROBLEM. 


A chooses a word at random from the Concise Oxford Dictionary (1498 pages). 
He agrees to answer ‘Yes’ or ‘No’ truthfully to any questions put to him by B. 
What is the optimum number of questions that B has to ask to be certain of correctly 
identifying the page on which the word appears? What is the maximum number 
of pages which the dictionary could contain for B to be able to perform the same 
feat with the same number of questions ? (Answer in next issue). 


Answer to ‘Test Score’ in our last issue. 


Obviously each of the boys has correctly solved a different pair of questions. 
They have therefore covered the only six ways in which this can be done. From 
observation of the given marks, it is noticed that 15 + 35 = 24 + 26 = 50. 
So total marks for the four questions must be 50 and the sixth boy’s mark is 50 — 21 
or 29. From simple simultaneous equations, the individual marks are seen to be 
5, 10, 16 and 19. 
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NUMERACY— 


An Important Contribution 


THE LANGUAGE OF MATHEMATICS is an attempt to provide in a compelling yet 
substantial form an insight into the nature of mathematics. It is designed to give 
to Sixth Form pupils and Training College students a taste of — and for — the 
intellectual pleasures which mathematics affords. 


In both content and appearance it is entirely different from the conventional text- 
book. It has been designed by the distinguished typographer Will Carter and its 300 
two-colour illustrations by Margaret Clark are of outstanding quality. 


The author first deals with numbers and how they evolved and with our notation 
and units in their historical setting. He then goes on to consider compound units, 
space and elementary geometry, algebra and statistics. The shapes of marine animals, 
the number patterns to be discerned in flowers, the shape of the Jodrell Bank reflector, 
the distribution of intelligence, the orbits of artificial satellites — such are the widely 
diverse materials which he uses in developing his argument. 


A booklet of exercises to accompany the text volume has been prepared. This provides 
practical work on the majority of chapters and it will be printed in small editions 
so that highly “topical” questions on science, economics and other fields can be 
incorporated. 


THE LANGUAGE OF MATHEMATICS 
By FRANK LAND 


Senior Lecturer in the Department of Education, University of Liverpool 


Publication November 15s. Exercises (available early 1961) 3s. 6d. 


-JOHN MURRAY 50 ALBEMARLE STREET LONDON Wi 


29 








THE CONCEPTS OF MEASUREMENT 


DAVID WHEELER 


The publication in this country of a translation of La Géométrie Spontanée de 
Enfant by Piaget, Inhelder and Szeminska! is, as always with Piaget’s work, an 
event of some importance for mathematics teachers. Many teachers, particularly 
at primary school level, will want to read this book and consider the implications 
of it for their teaching. 


This volume is concerned with the development in the child of the concept of 
measurement. An earlier study (“The Child’s Conception of Space,’ by Piaget and 
Inhelder®) traced the evolution of projective and Euclidean notions of geometry from 
a more elementary intuitive perception of the topological properties of space. 
The present book continues the story by examining children’s behaviour in 
situations in which the metrical properties of space need to be handled with 
precision. It shows how children pass from an egocentric unstructured perception 
of relationships of length and distance to the formation of concepts of measurement 
which enable them to devise their own methods of comparing lengths, angles, 
areas and volumes. 


Euclidean geometry is the study of those properties of space which arise from 
the group of transformations which preserve the distance between any two points 
of the space. More simply, it is the geometry of ‘rigid body motions’, It is in this 
sense that it can be called the geometry of the real world for it corresponds to our 
experience of a space in which things are not altered in shape by being moved. 
(Contrary to what we might expect, children below the age of about 7 do not have 
this experience and are quite prepared to believe that objects change their size 
when they are moved about. The vital concept of conservation, as in the case of 
number, is surprisingly slow to form). Measurement is possible in this geometry 
because distances are conserved and the action of measuring involves an intuitive 
appreciation of the transformation group. The child must acquire, paradoxically, 
a qualitative understanding of measurement. It is this with which Piaget is mainly 
concerned, 


Although the whole aim of the book is to trace the growth in the concept of 
measurement, in none of the early experiments is a measuring instrument provided. 
As Piaget says, there is little point in studying how children use a ready-made 





1 ‘The Child’s Conception of Geometry’: Routledge and Kegan Paul, 1960. 


2 Routledge and Kegan Paul, 1956. 
See also the article by P. C. Dodwell in ‘Mathematics Teaching’ No. 9. 


It is possible to regard the Euclidean transformations as motions—rotations and parallel translations 
—or as correspondences of a certain kind between pairs of points. The former approach appeals 
more to the intuition and is adopted here; the latter is more appropriate in a systematic deductive 
study. 
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foot-rule until they have attempted the job of making one for themselves. One 
of the experiments in the first part of the book shows very clearly the gradual 
progress towards an awareness of all that is involved. A tower of wooden blocks 
standing on a table is shown to the children. They are given more than enough blocks, 
a supply of strips of paper and sticks, and asked to make a tower on another table 
the same height as the first. When they have finished building the tower they are 
asked if the two are, in fact, equal in height. At stage I* the only means of comparison 
of the two towers is visual transfer. The children ‘look and see’ if they are the same. 
At the beginning of stage II they use manual transfer in which they try to make 
visual estimation easier by bringing the two models close together. At the end of 
stage II they have reached the stage of body transfer when they use their bodies, 
by shoulder-height or span of arms, to mediate between the two towers. Now they 
are on the threshold of finding out that they can compare most easily by using a 
third object which is equal in length to the two towers. This they reach at the 
beginning of stage III and Piaget says their thought is now operational because they 
have grasped that ifa = b and b = c thena = c. But they are still short of the full 
concept of measurement as unit iteration. Children in the early part of stage III 
can only use a stick for comparison if it is either equal to the two towers or longer 
(in which case they mark it off with a finger). But they cannot yet use a shorter 
stick effectively. This ability to use a unit appears at the end of stage III and they now 
have an understanding of linear measurement. It involves knowing that length is 
conserved — the stick used as unit does not change in length when it is moved, nor 
the tower when it is being measured—and that lengths can be subdivided on the 
one hand or composed additively on the other—the movement of the unit as it is 
stepped up the tower implies the existence of fixed reference points taken up by the 
extremities of the unit stick as it is moved. 


This knowledge that changes of position can be related to fixed reference 
points is central to the whole notion of measurement (and to the construction of a 
Euclidean space). The many statements in the book about the need to construct a 
system of coordinate axes—which seem confusing if we think only of graph paper— 
imply just this. A small child is unable to make a correct representation of relation- 
ships in space because his view is essentially subjective and egocentric, deriving 
from his own actions. For example, if he is asked to show in a sandpit the positions 
of his home and school and other landmarks, he is capable of considerable distortion 
of distances and orientations as he cannot coordinate successfully the items of his 
experience and is unable, in general, to relate more than two things together at a time. 
The journey from school to home will be short because he traces it so often, 
whereas the buildings which do not concern him are put a long way from those that 





4 Piaget classifies the growth of understanding in four categories which approximately correspond 


to a division by age-groups. Stage I (‘pre-operational’ thought) lasts on the average from about 2 to 
44 years, Stage II (‘intuitive’ thought) from 4} to 7, Stage III (the level of ‘concrete operations’) 
from 7 to 11, and Stage IV (level of ‘formal operations’) from about 11 onwards. In this study 
he further subdivides the early stages into two sub-stages, IA and IB, etc., where necessary. 
[The ages associated with each stage refer, of course, to the children with whom Piaget is usually 
dealing. The stages may occur at earlier or later ages with children in different environments. 

—Eprror] 
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he uses. It is not until he realises that he must take certain landmarks as fixed 
reference points and not rely upon himself as a reference point (because he is not 
fixed in position) that he progresses to being able to represent positions in space 
with fair accuracy. 


Further experiments examine in more detail the way in which notions of 
conservation and change of position are gradually clarified. When a screen or 
other obstacle is placed between two fixed toy trees standing on a table, the young 
children of Stages I and IIA believe that the trees become closer together. They 
are unable to appreciate at this age that the distance between the objects does 
not change because they distinguish ‘filled’ from ‘unfilled’ space. Only later do they 
gain a view of space as essentially homogeneous. And only at Stage IIB or IITA do 
they become aware of the reversibility of a distance; that X is as far from Y as Y is 
from X. When asked to judge between the lengths of a straight stick and a snake of 
plasticine whose ends coincide with the ends of the stick, the young children assert 
that they are equal, even when they have traced the two lengths with their finger. 
Two straight sticks admitted to being equal when they are held side by side become 
unequal when they are staggered in position. And so on. 


Put briefly like this it all seems hard to take, but it is illuminating to read the 
verbatim comments of the children made during the experiments as they show 
much more clearly than this bald summary can do the nature of their thinking. 
Their reactions then do not seem unexpected or ridiculous but essentially truthful 
to their experience—of objects, words, situations—at the time of the experiment. 
Complete insight when it is achieved is expressed quite unambiguously in language 
natural to the children. Although we cannot see their minds working, their actions 
and their statements together are pretty good indications of the stage their thinking 
has reached, 


In the course of an experiment in which two identical strips of paper are cut 


into segments and arranged in two assymetric L-shapes, a child (aged 7 years 
2 months) is asked: 


“Is it the same either way?” (for two insects walking along the paths) (Hesitates) 
“It’s the same (re-arranging the two segments as straight lines) because you cut them.” 


“And like this?”’ (two right angles made of different segments). 
“*That’s a longer road and that one will have less far to walk.” 
‘é Why?” 


“Oh no; that one has has a little corner missing ; it would be shorter if it weren't like 
that. If they both walk together it'll be the same way for both.” 


sé Why?” 
“Because you cut bits of paper the same size.” 
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‘And like this?” (increasing the number of angles and the differences in the lengths of 
the segments). 


“Here it’s longer because it bends . . . . Oh, no it’s the same because they were the same 
to begin with.” 


Here we can see the attainment of the conservation principle which the child 
verifies, first actually and later virtually, by making the direct comparison between 
the initial and final arrangements of the strips of paper. And it is also clear that, 
at his present transitional stage, his visual perception very nearly inhibits his recog- 
nition of the equality. Children at a later stage have no such hesitations and are 
not put off by re-arrangements however distracting. 


The experimenters use a very similar situation to investigate more fully unit 
iteration which is the climax to the whole process of understanding linear measure- 
ment. The pairs of paper strips are cut into segments whose lengths are multiples 
of 3 cm. and stuck onto cards in various arrangments. When the child has been asked 
if the two paths are equal or not, he is asked to verify his answer with strips of card 
3 cm., 6 cm., or 9 cm. in length, the investigator giving the clue to the procedure 
by using the 3 cm. card to step off distances along one of the paths. In spite of this 
direction, which might be thought to give so much of the game away that there 
would be nothing to report, it is found that remarkably little acceleration in the 
formation of the concept takes place. Some of the children of Stages I and IIA apply 
the measuring unit to only one of the lines; some measure both lines with the same 
unit, obtain the same number of steps along each and still assert the inequality of 
the lines! Many of them fail to mark at all accurately the starting and finishing 
positions of the unit so that their steps overlap or leave gaps in between. Others 
again use uncoordinated mixtures of the available units. At Stage IIB, most of the 
testees are aware of the need to fix reference points and they understand the 
transitive nature of equality. But their understanding is not yet fully coordinated 
as they are quite capable of using different units unsystematically, or even of 
thinking that the two paths can be equal measured with one unit but unequal 
measured with another. ‘ 


At Stage III, the various facets have all been successfully coordinated. The 
idea of subdivision of a line so that it can be reckoned in terms ofa single unit-length 
complements and fuses with the idea of the changes of position of the applied unit 
being related to fixed reference points. The coordination of these ideas depends 
on the knowledge that lengths are conserved which is itself the culmination of 
transitive operational experience. Piaget maintains that the acquisition of the 
conservation concept precedes the full understanding of metrical measurement by 
about a year, on the average. He points to the similarity between the growth of 
the concept of number and of measurement but says that because quantification 
in measurement depends upon arbitrary subdivision of continuous wholes the 
idea of a unit comes at the end of qualitative understanding instead of preceding it. 
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All this may seem a good deal like obscuring the simple with a lot of words. 
It is certainly true that to an adult these elementary notions seem trivial but this 
is, perhaps, only because they are so fundamental to our ways of thinking, so much 
a part of our approach to spatial experience, that we are unconscious that they had, 
at some stage, to be aquired. Most of the time we are as unconscious of them as of 
many other things that we have learnt in the course of growing-up. What is 
interesting is that the full development of understanding in the child, if Piaget’s 
theories are correct, corresponds so closely to the understanding which a mature 
mathematician has when he analyses the bases of his concepts from his more advanced 
standpoint. When we really stop to ‘think about our thinking’, to examine our 
fundamental ideas, we find ingredients very similar to those the child has to select 
and coordinate in order to arrive at his intuitive understanding. This exonerates 
such investigations as these from the charge of triviality. (It does not, of course, prove 
them right, necessarily). That the analysis may not be useful is another point. 
Does it help the teacher to know the various components that go to the making of 
a particular concept? I think the answer must be ‘Yes’. From a broad view, nothing 
that helps us to understand how learning takes place can we afford to ignore. 
This is, after all, what we are concerned with and our teaching is only a means to 
that end. And in our particular subject it may well be that if we knew more clearly 
what was involved in the concepts that we want our pupils to acquire, we would 
be better able to put before them those situations which convey the ‘raw material’ 
of experience which they need. 


We might also reconsider, in the light of suitable investigations, whether we 
make enough allowances for the fact that certain concepts do not seem to be reached 
until certain developmental stages. In this book, for example, Piaget suggests that 
children are not able to understand the calculation of rectangular areas and 
volumes until Stage IV (i.e. at an age of about 11). Quite a number of children 
are taught the rules for calculation in their primary school. If it is true that the 
concept cannot be mastered before they reach the secondary stage then it would 
certainly be very much better if this were not done. It is well-known that for many 
children (some of them not so young, either) area is length times breadth. But 
this is quite clearly not the result of them having a well-defined concept of what 
area is or how it should be measured.§ 


The development of the area concept follows very closely that of linear measure- 
ment. At Stage IIA children can cover an area with unit squares and count them 
even though they may have no clear idea of why they should do this; another area 
covered with less squares will not necessarily be thought of as having a smaller area. 
Children at level IIIA have begun to grasp the conservation of an area within a 
perimeter but do not associate this with conservation of complementary areas. In 
an experiment in which a ‘potato patch’ in a ‘field’ is cut up and rearranged, 
the recognition of the constancy of the area of the patch does not, at this stage, 
imply the constancy of the area of the rest of the field. Only at level IIIB is this 
fully operational understanding achieved. At this stage, too, the children can measure 





5 See the article by G. P. Beaumont in ‘Mathematics Teaching’ No. 12 
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by unit iteration. That is, they can use a single unit square to measure a rectangular 
area by moving it systematically within the perimeter. But it is not until Stage IV 
that mathematical multiplication is called upon to find the area of a rectangle. 
There is apparently a real difficulty in using two linear measurements to reckon an 
areal measure, in spite of the fact that all the information would seem to be available. 
It is only at this level that they can even begin to understand what is implied in finding 
a square having twice the area of a given square—a situation which forces them to 
think in terms of the measures of the sides. (It was not expected that the children 
even at this stage would necessarily be able to compute the appropriate length 
accurately. They merely had to show an awareness of the real nature of the problem). 


Similarly the development of the concept of volume passes through successive 
stages until the full physical concept is reached at Stage IV. Before this (at level 
IIIB) conservation of ‘internal’ volume is assured but strangely this does not imply 
constancy in relation to surroundings. A ball of clay or a collection of wooden blocks 
will be agreed to remain constant in quantity and yet be capable of displacing 
different amounts of liquid in different transformations! 


Even though some of these results—by no means all have been mentioned— 
may seem to deserve a sceptical if not incredulous reaction, it is evident that matters 
of great importance to teachers—and especially primary school teachers—are 
being dealt with here, and that the book should be read by some of those concerned 
with mathematics teaching at this level. There is material for plenty of further 
experiment with children: to confirm Piaget’s conclusions; perhaps to refute them; 
perhaps to extend them. If they are substantially true they must influence what we 
do in the classroom. 


As one reaches the end of the book, admiration is mixed with irritation. Does 
the language (I do not blame the translator) have to be so obscure ? Some sentences, 
even when read attentively many times, still refuse to give up their secrets. The 
commentary is often repetitive whilst failing to clarify and too often gives the im- 
pression that it is forcing the observations into the expected, necessary pattern 
ordained by Piaget’s theories. No details, other than age, are given for any of the 
subjects of the experiments. We would like to know more about them. Are they 
typical, normal children? Are all their recorded remarks, quoted in such detail, 
completely unselected ? One fears not. 


These criticisms made of almost any other report of a psychological investigation 
would be pretty well sufficient to damn it. But in spite of the book’s faults and the 
determined patience required in reading it, the admiration at the end outweighs 
the irritation, The profound simplicity of the experiments and the insight which 
guides the analysis of the responses carry their own conviction. And it is Piaget's 
genius that he has perfected a method of psychological investigation which is wholly 
suited to the task of understanding which he sets himself and which has, in his hands, 
a subtlety generally lacking in other methods. 


The essence of Piaget’s experimental method is the observation of children’s 
spontaneous efforts at problem-solving. Since he is not concerned with mathematical 
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achievement as it is influenced by teaching, he tries to ensure that the experiments 
do not need knowledge acquired in the educational process. It is central to his 
whole approach that the basic concepts he is examining are arrived at spontaneously 
at some developmental stage (depending on the quality and complexity of the 
concept). At no time has he suggested that these concepts could (or should) be taught 
in advance of the natural stage of attainment and he does not consider how far 
the experimental situations he devises may act as learning situations in which the 
concepts crystallise. 


It is clearly of the utmost importance that investigations should be directed to 
shedding light on these two related questions. Some experiments that have taken 
place do, in fact, suggest that the kind of situations which Piaget devises for his 
children, can be used to precipitate or at least accelerate the formation of concepts, 
but great care is obviously needed in work of this sort to avoid the danger of a circular 
argument in which experiments merely validate themselves. Perhaps it is Piaget’s 
realisation of this which has led him to omit such considerations. 


In reviewing another book by Piaget (“The Growth of Logical Thinking’), 
J. S. Bruner® points to a more serious omission—that Piaget fails to take into account 
the motives which actuate children in their thinking. This lack of consideration of 
strategy and goal-direction creates (or does not clarify) one of the most mysterious 
features of Piaget’s view of thinking: the equilibrium—to use his own word—of the 
stages of concrete operations and of formal operations. As Bruner shows, it is 
necessary to examine why the former stage, if in a state of equilibrium, ever yields 
place to the next and in what way the modes of thinking of an adult differ from those 
of a child of 12 who has reached the level of formal operations. Piaget’s own ex- 
planations of these shifts are not convincing. No doubt other investigators, inspired 
by his work but not afraid to modify his theories, will eventually answer this question. 


In the meantime, we can be grateful for yet another fascinating book which 
dazzles us with the brilliance of its experiments and throws so much light on the 
complexities of fundamental notions. It demonstrates once again the power of 
Piaget’s methods in illuminating the processs and progress of mathematical thinking. 
Instead of taking elementary mathematical ideas for granted, as trivial, as un- 
interesting, he patiently and lovingly delineates the steps by which they are reached. 
Children’s failures are shown to be the fumbling first moves in the right direction 
and the successes are their inevitable reward in due course. There is no stupidity in 
Piaget’s world. There is only immaturity. 


® British Journal of Psychology, November, 1959. 


36 














MATHEMATICS FOR SCHOOLS 


Mathematics One 
Mathematics Two 


L. HARWOOD CLARKE, M.A. 


Senior Mathematics Master, Bedford School 


MATHEMATICS ONE 224 pages 7s. Gd. 
MATHEMATICS TWO 224 pages 7s. 6d. 


Each book available with answers at 8s. 6d 


These are the first two volumes in an-important new four- 
volume series, Mathematics for Schools, designed to cover the 
syllabus in mathematics from the age of eleven to Ordinary 
level. It is hoped to publish the third and fourth books in 
1961. 


The course is unified: there is no major division into arith- 
metic, algebra and geometry, but chapters on these subjects 
alternate with each other, so that the pupil can more easily 
grasp the fundamental principles common to them all. 


In the first two volumes calculation is kept to a minimum 
and principles are tested by frequent exercises which do not 
demand involved computation. The exercises are in two 
parallel sets: one for classwork and the other for homework. 
There are Quick Revision Tests at the end of every third 
chapter. 


WILLIAM HEINEMANN LTD 


15 - 16 QUEEN STREET MAYFAIR LONDON w.|]! 











REAL “REAL LIFE” MATHEMATICS 
DAVID 8, FIELKER 


Many modern textbooks are written with titles that imply a presentation of 
real life situations, yet, in spite of the excellence of the author’s ideas, how often do 
we feel (and our pupils must also feel) that there is still something artificial about 
practical, everyday topics when considered in the classroom. Even if we forget the 
textbooks and embark upon some such scheme as “Planning a Holiday” or “Buying 
and Running a Motor Cycle”, with the aid of the appropriate pamphlets and 
advertisements, there is still an atmosphere of folly and purposelessness felt by pupils 
who are not yet interested in those topics for economic or other reasons. Therefore, 
inspired originally by Mr. H. Fletcher of Trench School, Shropshire, and making 
use of ideas gleaned from Mr. C. Hope, I have tried recently to explore the possibili- 
ties of introducing subject matter into the classroom that forms part of the real 
experience of my pupils. 


The syllabus of Trench School contains the sentence “Analyse newspaper 
articles.”’ As a start, I asked my new first year secondary modern B stream to bring 
me newspaper articles that they thought contained some mathematics. There were 
the usual sports results and city prices that I put by for later discussion on averages 
and percentages. I picked out a few simpler items, and in class we began to discuss 
the mathematics involved. We found that the number of a newspaper could tell us, 
after a simple calculation, when that paper was first published. The amount of national 
savings for the week looked suspicious; why was it always in thousands? This led to 
a discussion of approximations, and similarly large figures lent themselves to a 
consideration of the size of numbers, and exactly what a large sum of money (e.g. 
a pools win) meant to the average working man, how long it would take to earn it, 
and what he could do with it. Other articles prompted a discussion involving ideas 
of ratio and ‘proportion. A large headline “ORDEAL K.O’s 5 TERRIERS” 
was considered to be quite insignificant when it was discovered that this was five 
volunteers out of a group of thirty on a course, which was only one out of six, and 
that was reasonable, the class decided, for tough army training! 


Advertisements in particular provide useful material for discussion. We are told 
that 5,000,000 glasses of a well-known drink are consumed daily. Does this mean 
5,000,000 EVERY day? Exactly 5,000,000? How might the figures have been 
obtained ? Are the advertisers being completely honest? Here we have ideas about 
approximation and simple statistics. Examples of the misuse of mathematics in 
advertising are given by M. J. Moroney in Chapter 3 of “Facts from Figures”, 
and real examples of meaningless and misleading graphs may still be found in 
our newspapers and on television. Claims like “only one out of five people can 
tell Margarine from butter” lead to ideas of ratio and random sampling. 


Some advertisers run competitions of the permutation type. Six exaltations of 
their product must be put in order, and since factorial six is not a great figure, an 
additional slogan has to be composed. The typical Sunday newspaper competition, 
putting twelve photographs of a famous film star in order of merit, requires no such 
additional effort on the part of the competitor. The class can see why when they 
have calculated factorial twelve, with a good measure of surprise. The £1,000 prize 
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is now not so generous at 3d. a go! The big money crossword puzzles provide 
examples of simple combinations, and when those two topics have been discussed 
the class should be ready for a consideration of football pools. 


Newspapers and magazines are not the only source of meaningful mathematics. 
Posters, in the form of advertisements or otherwise, confront us everywhere; various 
foodstuffs and drinks display on their containers information about their contents; 
chemicals and medicines in particular give detailed analyses of their composition. 
A collection of bottles and tins should keep a class happy for some time on problems 
concerning percentages, mixtures, ratio and proportion and the use of various 
British and metric measures. Do they know the difference between “net” and “gross” 
weight? Do they know the meaning of terms like fluid ounces, milligrams and 
grains ? What is a “unit” of vitamin A? 


A well-known form of aspirin gives the weight of each component per tablet 
in grains. A well-known antiseptic is sold in a bottle calibrated in tablespoonfuls, 
and gives directions for dilution for various ailments in terms of drops, teaspoonfuls, 
tablespoonsful, tumblerfuls, pints, quarts and bathfuls, with the added information 
that one tablespoonful to a pint is 2°. What scope here for practical experiments and 
calculations concerning proportion, perhaps combined with a pleasant odour of 
disinfectant in the classroom! The label also tells me that this product is “3 times 
more efficient than carbolic acid (Rideal-Walker test)’’. Perhaps the science specialist 
will explain what this test is, and maybe the mathematics involved will repay 
discussion. 


A claim of another kind is printed on the carton of an ink bottle: “Dries on 
paper 31% quicker than average inks!’ Discussion of this statement should lead 
immediately to experimental work. Different inks will have to be timed, and whether 
stop-watches or ordinary wrist-watches are used is important, because here the 
interesting thing is the accuracy of the manufacturer’s claim. 334%, or even 30%, 
sound reasonable round figures for the roughest of experiments, but the figure 
stated implies an error of less than 0.5%; that is, a drying time of about 20 seconds 
must be measured to the nearest tenth of a second. Accurate experiments, then, 
must be carried out; the figures obtained must be tabled in comprehensible fashion; 
graphs may be drawn; the concept of an average will imply ideas of random sampling 
that will effect the choice of inks for experiments; and further discussion will lead 
to the fact that drying time will also depend upon such things as temperature and 
humidity, especially if experiments are to be conducted on different days. The 
effect of those is not easy to measure in the classroom, but the methods of experiments 
and the ideas involved may be discussed; direct and indirect proportion can be 
illustrated by equations and by rough graphs; one equation will express drying 
time as a function of the two variables, temperature and humidity, and, by returning 
to two separate equations in order to illustrate how each variable affects the function 
when the other is constant, one is providing a practical application of partial differen- 
tiation which even the lower streams can appreciate. Drying time as a function of 
“ink strength” may be investigated by mixing inks of differing strengths using 
appropriate quantities of ink powder; discussion of how then to measure “ink 
strength” will do more than anything else to elucidate the concept of ratio, and when 
a scale has been decided upon the results may be graphed, Ii: all the graph work 
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it may be that the “line of best fit’’ will have to be found for the points obtained, 
but the details of this, as of everything else, will depend upon the ability of the 
class. 


When you have obtained all the mathematics possible from this ink carton you 
may then hand it over to the English department for a consideration of the grammar! 
When I showed it to my colleagues and remarked that it was interesting, they 
agreed that the grammar was shocking; the “31%,” passed unnoticed). Not all 
items will lend themselves so easily to such expansion, but once one starts looking 
around for mathematics it is surprising where one can find it, and of course with 
more advanced pupils more mathematics can be employed. I would stress that the 
mathematics obtained from any topic is a function of the knowledge and ability 
of the pupils, and any problem need only be taken as far as the pupils are able to go. 


Various treatments are possible. Class discussion is perhaps the most useful. 
Or, cuttings, labels, etc., can be pinned to the classroom noticeboard, either with 
questions appended, or with an invitation to submit a written discussion of the 
mathematics involved. In any case pupils should be encouraged to bring these things 
to school themselves, and to write or talk about them voluntarily. With a little 
encouragement, my first year pupils are beginning to do this. Besides making lessons 
more realistic, my aim is to make my pupils conscious of the mathematics they see 
around them, and to give them the ability to interpret that mathematics intelli- 
gently. This implies a critical attitude towards figures and any statement containing 
figures, and a thorough understanding of what numbers mean. 


For the less able adolescents leaving the secondary modern school, this is 
perhaps all the mathematics they will need in life, and I consider it more important 
than being able to “check their change’, a criterion of mathematical ability that I 
still meet from fellow teachers. Some of the topics suggested can therefore be expanded 
in the fourth year C stream. In the Junior school, and in the first years of the 
secondary school, such work provides a stimulating interest in the subject, and sows 
the seeds of many of the mathematical ideas that the pupils will meet later in their 
course. 


In conclusion, let me say that I am by no means condemning artificiality. I am 
a mathematician, I am interested in abstract mathematics for its own sake, and | 
believe that pupils can be so too. But let us start from reality, and if we are going to 
have reality then let us not concoct some artificial situation and call it reality, when 
real mathematics lies all around us if we only open our eyes. 


Footnote: A little while ago a cigarette advertisement in the ‘Sunday Times’ was headed ‘Still 
only 3/11 for 20!’ Perhaps Mr. Fielker’s pupils could calculate how long 20! cigarettes would 
last a man (if he hadn’t smoked himself to death trying to get his money’s worth).—Editor. 











General Mathematics 


Jj. B. CHANNON M.A. and A. McLEISH SMITH B.A. 


A work which covers the whole of the syllabus for G.C.E. Ordinary Mathematics, 
catering both for those who tackle the work in four years and for those who take five. 


‘The subject is presented as a unity wherever possible, with arithmetic, algebra and 
geometry being developed together as opportunity arises, but no elaborate attempt to 
secure an artificial unity has been made . . . Recommended without hestitation to the 
attention of all grammar school staffs following ‘‘Alternative’’ syllabuses.’ 

Higher Education Journal. 
Book | 
Boox 2 with answers 8s. 9d. without answers &s. 
Book 3 with answers 10s. 6d. without answers 9s. 
Book 4 


with answers 8s. 6d. without answers 7s. 9d. 


with answers 10s. without answers 9s. 6d. 


A New Course in Algebra 


A. WALKER M.A. B.Sc. and J. MILLAR M.A. 


A five-year algebra course, suitable for G.C.E. ‘O’ level candidates. The bookwork is 
explained in considerable detail so that the student can work without too frequent 
reference to the teacher. 


Part | with answers 8s. 6d. without answers 7s. 9d. 
Part 2 with answers 7s. 3d. without answers 6s. 9d. 


Complete with answers 12s. 3d 


Algebra 


Cc, O. TUCKEY M.A. and W. ARMISTEAD M.A. 


A course in Algebra suitable for those who continue to study mathematics beyond ‘O’ 
level for the G.C.E., with the exception of those preparing for Mathematical Scholar- 
ships to the University, who will need to supplement the later chapters. 

“This new work adequately fills a gap of long standing . . . ’A.M.A. Journal. 19s. 


Longmans, Green & Co. Ltd. 


6/7 Currorp Street, Lonpon W.1. 
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BONUS POINTS 
HARRY EAST 


Last season, in the course of duty, I found it necessary to enter the scoring box 
of a West Riding league cricket club. Carved on the wooden wall where the home 
scorer sat was a voluptuous female, of proportions that would hardly have satisfied 
Reubens but who, in scantiness of attire, would have earned the encomium of 
Toulouse-Lautrec. 


“That’s a bit of all right,” I remarked to the veteran scorer, nodding towards 
the adornment, “A bit of your handiwork?” “Nay,” he answered, “it was done 
before my time; when they used to notch a stick. The scorer in them days was a 
cathedral wood carver who iived in the village. Very good, he was reckoned to be, 
at tabernacle work, puppet heads and this sort of thing.” 


He broke off to acknowledge the umpire’s signal before continuing, “Before 
the war, when the play were a bit quiet, I used to sit and look at her and think 
about my holidays at Blackpool, but now———excuse me a minute.” He popped his 
head through the open window and waved his recognition of the four to square leg. 
“But now,” he went on, “these books are getting so complicated, scorers haven’t 
a minute’s peace. That four made the total 102 and took our captain’s score to 50.” 


He jabbed a stubby finger at his book. “I’ve to put down a 4 here in Individual 
Total; cross off 99, 100, 101, and 102 from Total Score; book down 4.17 p.m. as 
the time we reached the century; calculate how long it’s taken our captain to make 
his 50 from going in at 2.48 p.m.; put another 4 down here in the Bowler’s Analysis ; 
turn this number on the score board from 9 to 0, the next one from 8 to 2, and hang 
a tin painted with a number one on that hook for hundreds because we didn’t 
bother having a turn table made there; where it says ‘Batsman’s Score’ I’ve to turn 
the 4 to 5 and from 6 to 0, But do they consider me? Not they. If there’s a bye or a 
no-ball while I’m attending to all this and I miss it, the umpire’ll come marching 
over, pompous as a peacock, and shout out, so that everybody can hear, that I 
haven’t waved back; and if I forget to turn one of these number plates the crowd’ll 
start jeering and whistling and asking if I’ve fallen asleep. I don’t think I’ve had 
time to take a good look at that lass for nearly ten years.” 


The recent rumour that the Oxford and Cambridge Board of Examiners are 
contemplating the withdrawal of the Additional Mathematics paper from the ‘O’ 
level General Certificate of Education and replacing it with ‘Cricket Statistics and 
Calculations’ merely confirms that cricket has ceased to be a game and has 
degenerated into an exercise in human fallibility and probability, from the results 
of which statisticians may draw conclusions and endeavour to apportion ability. 


Such being the case and, for evil rather than good, their importance having 
been accepted, it seems strange that they have made no scientific research to evaluate 
their reckonings but have confined themselves merely to arithmetical progression, 
all runs being given the same value, irrespective of how or when they are scored. 


In this research paper into run value, which will later be submitted to the 
Royal Society and will probably form the basis of a series of Faraday lectures, we 
are helped by the fact that a new ball is taken at certain times during an innings 
and is not, as in the time of William Gunn, played with till “‘B——-—cover drops off,” 


42 


Accepting, therefore, the postulate that it is more difficult to score from a new 
ball than an old one, an abstruse and devious mathematical calculation based on 
the binomial theorem and Clerk Maxwell’s hypothesis, will show that the value 
of the runs scored follows an inverse logarithmic progression. 


Assuming that the new ball be taken after 200 runs and that each run is easier to 
score than the previous one, then the value of the xth run scored, is, in its simplest 
form, log (200 — x). 


Thus the 44th run scored will have the value log 156 or 2-1931, while the 187th 
run will be valued at log 13 or 1-1139., 


This, however, fails to take into account the rapidity with which the runs are 
scored. The fewer overs bowled before the 200, on our present out-moded calculation 
scheme, are scored, the newer the ball will be, hence the greater prestige earlier 
runs should possess. This difficulty is overcome by dividing the logarithmic value 
of each run, as above obtained, by the logarithm of the over in which the run was 
scored. Hence the corrected value of each run will now be, log (200 — x) — log , 
where y is the number of the over. Thus the 64th run scored in the 29th over will 
be credited with the value, log (200 — 64) ~ log 29, or 2-1139 + 1-4624, ice. 
1-449, while the 192nd run scored in the 63rd over will be valued at 0-9031 — 1-7993, 
or 0.5082. 


This simple cafculation, unfortunately, merely takes into account the time factor 
of run scoring and pays no attention to direction. The glory of batsmanship is the 
drive, its abomination the snick through the slips. Hence, taking the line from 
bowler to batsman as the axis, to the corrected score needs to be added the cosine of 
the angle between the vertical plane of the axis and that in which the ball travels. 
For the calculation of this it is proposed that a third umpire, barefooted and provided 
with a horizontal sextant, be stationed between the wickets and the stumper, and 
that having measured the angle of the ball’s dispatch, he signals this to the scorers 
by raising the requisite number of toes for the tens digit and fingers for the units 
digit. 


Hence the value of a cover drive at an angle of 20 degrees to the axis scoring 
the 73rd run off the 4lst over would have the corrected mathematical value of 
log (200 73) + log 41 + cosine 20 2:1038 = 1-6128 + 0-9397, or 
1-304 + 0-9397 = 2-2437. Shots behind the wicket are not intrinsically of the same 
worth. Angles between 90° and 180°, being in the second quadrant and therefore, 
having their cosines negative, this inequality is suitably corrected, and it will be 
seen that a snick through the slips making the 197th run off the 58th over will have 
a value of log 3 — log 58 + cosine 170° or 0-0517 — 0-9848 or — 0-9331, i.e. 0-9331 
be subtracted from the score, a salutory punishment for any batsman snicking at 
such a state of the game. 


If the new ball be taken, owing to the slowness of the batting, before the 200 
is scored, or a side is dismissed for less than 200, then necessarily the score at 
the taking of the new ball or the total score for the innings will replace 200 in the 
formulae given. A great impetus is thereby given to the interest of the game as it 
is impossible for the value of the score to be given before the new ball is taken or 
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the innings completed. Hence spectators will not leave from boredom, nor will they 
be able to estimate who has won until some time after the game has finished. The 
increased revenue from refreshment rooms and bars should quickly make cricket 
clubs independent of football pools and winter money raising schemes. 


The further development of this adjusted run value, whereby the angle of 
elevation of the shot is considered, necessitates the employment of the infinitesimal 
calculus and will be considered in the Faraday lectures. 


A computer incorporating these improved methods, will, it is hoped, be on the 
market during next season. The initial trial had been planned for the end of last 
season but owing to an error in the architectural instructions, the contractor installed 
it in the pavilion of a Northern league club by tearing out the members’ bar. It is 
expected that the repairs necessitated by the vandalism which ensued will be completed 
in time for it to be used in the Test Match at Old Trafford. 

There is, of course, just a possibility that cricket was meant for recreation and 
fun and not for bonus points and averages. Early last season, attending a Sunday 
School match, I found the visitors had brought with them a pretty young lady as 
scorer. She looked at the crow’s nest scoring box and vertical hay loft ladder with 
horror, shuddered, and shouted to the home scorer, “I’m not coming up there. 
I’ll score mine down here.” She took off her shoes and wiggled her toes luxuriously 
in the long meadow grass, placed her bolero as a head rest and reclined in complete 
content. After some time, in a fever of mistrust, the home scorer descended from his 
eyrie and asked her, anxiously, “What do you make it?” “Nineteen for six wickets,” 
she answered. “Nay”, he complained, “I’ve only got seventeen for four wickets.” 


Nonchalantly the maiden produced a rubber and began to erase some of her 
figures. In an agony of apprehension the home scorer stopped her. “You can’t do 
that,” he hissed, ““We must check up and see which of us has gone wrong.”’ Coolly 
and with complete contempt for his exactitude, she answered, “It doesn’t matter 
whether we’re right or wrong as long as we agree.” 


MATHEMATICS TEACHING PAMPHLETS 


Following the success of the first four Mathematics Teaching Pamphlets, three 
more have recently been added to the series. Written by John Trivett, they deal 
with the early stages of mathematics teaching by the use of colour rods, and should 
meet the many requests we have at meetings for some literature to give the reader 
ideas on how to set about using this material. Essentially practical in their approach, 
they give a good indication of how the teacher may proceed. Price 6d. each, the 
pamphlets are titled: “Beginnings”, “Beginnings of written work” and “Addition 
and Subtraction’. Details are contained in the advertisement on page 51 of this issue. 
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Mathematical 
Texts 


GENERAL EDITORS A. C. Aitken, D.Sc., F.R.S. 
and D. E. Rutherford, D.Sc., Dr. Math. 


Two new titles 


SPECIAL RELATIVITY 
W. RINDLER, Ph.D. 
Assistant Professor of Mathematics, Cornell University 


A clear, concise and stimulating introduction to the ideas of special 
relativity. The text presupposes only a knowledge of elementary 
calculus and of vector theory with, in the chapter on electrodynamics, 
a knowledge of the rudiments of Maxwell’s theory. 


Emphasis is laid on a careful discussion of basic physical 
ideas and on a mathematically sound treatment. An important 
feature is the provision of many original exercises. 

Price 10s. 6d. 
REAL VARIABLE 
J. M. HYSLOP, D.Sc. 
Professor of Mathematics, University of Witwatersrand, Johannesburg 
This book is designed to fill a gap in the series of University 
Mathematical Texts. It includes material which is taken for granted 
in such texts as Integration and Infinite Series, and may, therefore, 
be regarded as the foundation on which each of these rests, 
Price 8s. 6d. 
A list is available from the publishers giving full details of the twenty-three 
titles now available. 


Oliver and Boyd 


TWEEDDALE COURT, 14 HIGH STREET, EDINBURGH 























TEACHING AIDS AND LOGIC 
IV — LOGICAL MACHINES 
DICK TAHTA 


It is difficult for teachers to be other than conservative in outlook when it comes 
to framing a syllabus. We teach what we know and are rightly suspicious of new 
methods. The example of Galois is a powerful reminder of the danger in assuming, 
however, that the young mathematician should confine himself to a syllabus deter- 
mined by tradition. Many articles in this journal have emphasized the important 
moral that the teacher has much to learn from his pupil. Nevertheless the recent 
series of articles on logic ', ? may strike some readers as yet another luxury of the 
enthusiast—to become, with that other Cinderella, the history of mathematics, a 
pleasant, but not vital, background to the real work in hand. 


But the cautious teacher often finds that the more intelligent of his pupils take 
the matter into their own hands. In such cases their intuitions of what is or is not 
important are impeccable. In his spare time the budding mathematician will read 
about topology and not about spherical trigonometry. Twenty years ago boys made 
wireless sets while their teachers discussed the Newtonian mechanics of a monkey 
climbing up a stick; to-day they make computers while the monkey is still climbing. 
This article sketches briefly the background to the logical computer built by pupils 
when the author was a mathematics master at St. Albans School. This machine 
illustrates in practice some of the logical ideas described in the previous articles of 
this series. 


It will be recalled that Charles Babbage had conceived the idea of his Analytic 
Engine in 1833. The publication in 1847 of The Mathematical Analysis of Logic by 
George Boole laid the foundations of the modern study of symbolic logic described by 
M. Servais in this series. Boole’s work aroused great interest at the time and 
there were many proposals to mechanise the solution of logical problems. 
W. S. Jevons demonstrated such a machine to the Royal Society in 1870. This 
employed a principle of solution by eliminating classes—a principle which Jevons 
had expounded in 1866. Jevons’ machine could only deal with a few basic logical 
relationships but the principle was sound and has been employed in later machines. 


The method of elimination may be best explained by reference to a classic 
example: “Only members or their guests may play over the Blankshire Golf Club’s 
Course’’. This statement implies that the status of a person can be described initially 
by using three components: 


A: a member of the club 
B: a member’s guest 
C: a player allowed to use the course. 
A person is either A or not-A (denoted by A’) and similarly for other components. 


There are 2° = 8 possible ways of describing a person’s status with reference to the 
three components, namely 


ABC, A’BC, AB’C, ABC’, AB’C’, A’BC’, A’B’C, A’B’C’, 
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Before the club rule is framed nothing is known about the existence or non-existence 
of these classes. It is easily verified that the rule asserts, in fact, the non-existence of 
certain of these classes, namely 

ABC’, AB’C’, A’BC’, A’B’'C. 

Some systematic method is desirable for this elimination in more complex 
examples. All logical statements may be expressed in terms of some primitive logical 
relationships between components and these relationships may be defined by exclusion 
or inclusion of certain classes, Thus for two components A and B the relationship 
(A and B) asserts the existence of AB and the non-existence of A’B, AB’ and A’B’. 
If the Blankshire Golf Club’s membership rule is written in the form 

(C if, and only if, D) 
where D is written for the component (A or B) then this relationship includes CD, 
C’D’ and excludes C’D, CD’. Hence the classes included by the rule are those given 
by combining C with a class included in D, i.e. ABC, A’BC, AB’C, together with the 
one class that combines C’ with the class included in D’, i.e. A’B’C’. This gives 
four non-eliminated ‘solutions’. 


A logical machine scans the 2” classes corresponding to n components and selects 
only those that are compatible with some pre-determined logical statement about the 
components expressed in terms of logical ‘connectives’ such as if and only if, not, or 
else, etc. 


Jevons’ machine was mechanical; an electrical analogue was suggested by 
A. Marquand in 1885. Circuits representing some logical connectives were described 
by M. Servais in his article*. The first electrical logical machine was constructed 
in 1947 at Harvard by Kalin and Burkhart. This machine dealt with up to twelve 
components; the rules were set up by means of multi-position switches with five 
available logical connectives. The Ferranti logical computer, made in 1950, dealt 
with up to seven components, the rules being set up by plug and socket connections. 
The actual layout of the rule board was designed to give a pictorial view of the 
problem: each rule was connected to a final and connective, and combinations 
consistent with all the rules indicated by lights after a halt of the scanning process. 


LUCE—a Logical Uniselector Computing Engine—made by pupils of St. 
Albans School in 1958 was based on the Ferranti Logical Computer*. The arrange- 
ment for setting up the 2? = 128 combinations of the seven possible components 
consists of 7 relays, a uniselector which opens and closes them in a pre-arranged 
sequence (a cyclic binary permutation) and auxiliary relays. The connective boxes— 
operated by relays—fulfil the six logical conditions not, or else, or, and, if then, and 
if and only if, and any one of these may be used up to six times. 


The machine is housed in a wooden cabinet, the size of a small book-case, which 
runs on castor wheels. The lower half is a small cupboard containing the transformer, 
rectifiers and mains lead and a shelf for various spares. Hinged above this is a vertical 
control panel made of metal with lights, switches and sockets. This may be opened 
for repair or demonstration of the internal wiring circuit. 


At the top of the control panel is a row of 7 units each consisting of a green light, 
a red light and connection sockets. Each unit represents a variable; the green light 
indicates its assertion and the red light its denial. The sockets enable the variable to 
be connected to some condition, 
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Below this row is a central block of 36 units arranged in 6 columns. Each column 
represents (from left to right) the logical rules not, or else, or, and, if and only if, and 
if then. Thus, the first column, having 6 units, allows for 6 uses of a not condition. 
Each unit consists of connecting sockets and a green light which indicates when the 
particular condition is being satisfied. All units in use have to be connected (manually 
by wires) to the final unit (representing the logical rule and) at the bottom of this 
block. 


The next row on the control panel contains the following 6 switches (1) CON- 
SISTENT/INCONSISTENT—the machine can be set to give all solutions satis- 
fying/not satisfying the given conditions. The sum of these solutions is 128; the 
switch is set normally to the mode of operation that yields the smallest number of 
solutions. (2) AUTOMATIC/SINGLE—the machine may be set so that a com- 
bination changes once at a time on pressing (4) the PREPULSE button. The light 
above this button is the ANSWER light indicating a solution. (3) START switch 
with light above it—to start the scanning process. (5) RE-SET—at the close of a 
problem the uniselector is still set at its last combination and must be reset for another 
scan. Finally, there is (6) an ON/OFF switch. 


The lower block of the control panel is really an internal feature. In order to 
economise on relays each rule box is not set up with its own relay but is connected 
to a corresponding valve socket in this lower block. If the rule box is required in a 
problem, a relay, mounted on a valve plug, is inserted into the socket. A working 
store of a dozen such mounted relays suffices for most problems encountered. 


Full technical details of the internal wiring are given in the description of the 
original Ferranti machine’. 


The operation of the machine may be described by considering a simple problem: 
“It is known that salesmen always tell the truth and engineers always lie. B and E 
are salemen. C states that D is an engineer. A declares that B affirms that C asserts 
that D says that E insists that F denies that G is a salesman. If A is an engineer, 
how many engineers are there?” 


The problem has to be ‘programmed?’ for the machine, i.e. reduced to a set of 
simple logical relationships which are set up manually on the machine. Let A represent 
the fact that A is an engineer, and A’ represent the fact that A is a salesman. The 
problem is analysed in stages: 


(1) ““B is a saleman’’, This asserts B’ so that the component B must be connected 
to a box denoting not which must then be connected to a final and box. The machine 
is wired as follows: 


B ———_———not___ final and 
and similarly for E. 


(2) “C states that D is an engineer”. If C tells the truth then D is an engineer, 
otherwise C lies and so is an engineer himself. In either case, the condition is 
equivalent to “C is an engineer or else D is an engineer” so that the machine is wired 
in the following way; 
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(3) “A declares that .....G is a salesman”. This starts by being of the type 

“A declares X” which has been shown to be “A or else X”’. Repeated applications of 

this rule gives the wiring: 
A B 











C D E F G 
x,—— Xo X3 —x, ——_—_—-x, ——_-——_x, ———_—___ 
final and 
WRETE Bo, Hq sees X, are or else boxes. 


(4) “A is an engineer’. (Here the problem is easily varied). This condition 
asserts A so that A must be connected to the final and box. 


The machine is now programmed and will start ‘solving’ the problem at the 
press of a button. When the uniselector reaches a valid combination the machine 
stops and a solution may be read off from coloured lights indicating the state of each 
component (green for A; red for A’). The machine may be made to continue to 
search for other solutions; in this problem there are four solutions namely ADG, 
ADF, ACG, ACF, and in each case the number of engineers is three. 


The reduction of complex statements to a succession of primitive logical relation- 
ships requires considerable skill and may in fact need too many connective boxes. 
The example given required seven or else boxes but this limitation may be surmounted 
by expressing a logical relationship in terms of others. Thus the condition “‘C or else 
D”’ may be replaced by “C or D” together with “not (C and D)’’. It was shown by 
Pierce in 1880 that all logical relationships may be expressed by one type: “Neither 
A nor B”. Scheffer showed in 1913 that “A or B” will also suffice and Zylinsky proved 
in 1925 that there are no other single primitives in terms of which all may be expressed. 


On the general future of logical machines Dr. D. G. Prinz has written*: “Logical 
machines have up to now been regarded mainly as scientific curiosities. Practical 
applications have been few, and many of those which have been made have not been 
recognised as such because of their extreme simplicity—the ordinary double-switched 
electric light in the home, which possesses two switches A and B and lights up when 
‘A or else B’, is a logical machine. Nevertheless, scope for their applications exists 


throughout our society..... checking for consistency of legal documents, rule books, 
political party statements, the checking of the ‘interlocking’ of points and signals 
at railway junctions, the preparation of school time-tables ..... the calculation of 


oh) 


possible landing schedules at airports... . 
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The St. Albans School machine has not yet been used for preparing time-tables! 
Applications have been limited to the solution of logical problems such as those set 
by Lewis Carroll®, an exercise that taxes the ingenuity of the ‘programmer’ and is 
good practice in logic. 

The experience gained by those who actually built the machine has been 
invaluable and has stimulated construction of a simple digital computer to the 
boys’ own design. This second project is well under way. When completed this will 
be a 3-address, slow-speed, relay machine with a standard word length of 23 binary 
digits. Operations include addition, subtraction, halving and doubling, two logical 
operations, transfers and tests. Providing routines for simple calculations, e.g. the 
roots of a quadratic, will give easy exercises in programming techniques and more 
importantly an insight into the methods of numerical analysis. 


In the framework of a syllabus directed almost exclusively to the theoretical 
solution of certain classical problems, this excursion into the art of finding solutions 
that are feasible may be the most important educational result of the logical machine 
which was made originally purely as an interesting ‘out-of-school’ activity. It may 
be of interest to readers to know that many components for the machine were obtained 
through generous parents, that the total cost—gladly met from school funds by the 
headmaster—came to £25 and that the project was carried out by boys with minimum 
supervision from their ignorant teacher. 
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WHAT THE GROUPS ARE DOING 


As we have not been publishing individual reports of activities of the Groups 
of the Association, we give below a survey of the recent meetings and proposed 
future meetings of some of the groups. Readers are reminded that the addresses of 
the Group Secretaries are given on the back cover of the magazine and details of 
meetings may be obtained from these. In addition we publish details of meetings 
which are available as we go to press in our regular Diary feature. 


The East Suffolk Group held their summer meeting at Bungay Modern 
School, and displayed teaching aids contributed by schools in East Suffolk; there 
was also an exhibition of textbooks. The exhibition, which was open for two days 
was featured in the B.B.C. TV. edition of East Anglian News. On the second day 
the exhibition was visited by school children and the general public. On the 11th 
of November the Group are holding their Annual General Meeting at Saxmundham 
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Mathematics 
Teaching 
Pamphlets 


(Published by A.T.A.M.) 


No. | Film and Filmstrip List 
(Price Is.) 


No. 2 Working Model Mathematical 
Wall Charts (Price Is.) 


No. 3 Looking at Rhombuses 
Price 6d.) 


No. 4 Looking at a Regular Hexagon 
(Price 6d.) 


No. 5 Maths with colour rods 
Beginnings (Price 6d. 


No. 6 Maths with colour rods 
Beginnings of written work (Price 6d.) 


No. 7 Maths with colour rods 
Addition and Subtraction (Price. 6d.) 


* 


Obtainable (Post 2d. extra on each order) 


from: 


Secretary, A.T.A.M.., 
D. H. Wheeler, 318 Victoria Park Road, 


Leicester. 











SCHOOL 
TRIGONOMETRY 
By J. LARMOUR, .a, and 
L. E. GODFREY-JONES, m.sc. 


This book is Part I of a compre- 
hensive course in Trigonometry. 
It deals with basic principles and 
constitutes an easy introductory 
course suitable for beginners. The 
book will satisfy G.C.E. Ordinary 
Level requirements (elementary), 
and will incidentally be suitable 
for use in Preparatory Schools. 
Part II will cover remaining re- 
quiremeents for O and AO levels 
in both Elementary and Additional 
Mathematics, while Part III will 
complete the course up to G.C.E. 
Advanced level. 

Part I With answers. 8s. 


* 


INTRODUCTORY 
GEOMETRY 
By C. WOIDE GODFREY, 


M.A. (CANTAB.); and 
R. C. B. TAIT, s.sc. (Hons. 


In this new edition a chapter has 
been added on Areas which deals 
with rectangles, parallelograms, 
triangles, circles, cylinders, etc. 
The book now supplies a two or 
three years’ course for pupils who 
may not take Geometry in the 
Ordinary Level Certificate. They 
will, however have sufficient know- 
ledge of the fundamental facts to 
help them in their other courses. 
Pupils following the Ordinary 
Level Syllabus should cover the 
ground in two years). 


4s. 3d. With Answers 4s. 6d. 
* 


BLACKIE & SON LTD. 


17 Stannope Sr., Giascow, C4. 














Modern School, to be followed by a showing of mathematical films. The Group are 
planning a Spring meeting in conjunction with the Ipswich Branch of the 
Mathematical Association, when the guest speaker will be Miss Giuseppi. The 
date has not yet been fixed. 


The Middlesex Branch continues to flourish, and the two meetings already 
held this year were well attended. In March a day which included the Annual General 
Meeting was devoted to ““Mathematics in Modern Schools”; Mrs. Roberts gave a 
talk with this title and Mr. Fielding gave a demonstration lesson to 11-year-olds 
showing the use of coloured cardboard models; after lunch Miss Giuseppi defended 
against Mr. Beaumont’s attacks on the Mathematical Association’s report on 
“Mathematics in Secondary Modern Schools,”’ and general discussion on the report 
followed. A complementary meeting in May dealt with “Primary School to Sixth 
Form”; Mr. Wheeler introduced ideas of geometrical symmetry and shape to 
9—10-year-olds, Mr. Bell spoke on linear programming and Mr. Winyard on 
“Theory of Algebra.”” Members of the group in “Starting Points” gave short talks 
on topics of their own choosing, and those who missed it at Blackpool were given a 
chance to see the delightful film “Raving Waving.” At the meeting on October 8th 
Miss Blandino will give a demonstration lesson, Mr. Beaumont will speak on 
“Statistics and Algebra (Form VI),” there will be more “Starting Points” by group 
members, and two films will be shown. The Branch’s long-awaited and much- 
planned exhibition of teaching aids will be held at Senate House, London on 
November 19th, in conjunction with the Institute of Education. Both private and 
commercial aids will be on show, and many well-known members of the Association 
will be lecturing and giving demonstration lessons. 


The position at the Bristol branch is rather complicated by the fact that a 
number of the leading members have recently left the district. A successful meeting 
was held in March on “Transition from Primary to Secondary School,” and a 
meeting to formulate a future programme was held in late September (report no! 
available as we go to press). At this meeting there was also a discussion on 
“The qualities necessary in a Junior School matlicmatics teacher.” During the 
Autumn Term, weekly classes are also being held on the actual construction of 
teaching aids. 


The Cambridge Group has now completed its first year, having held three 
termly meetings, and having discussed Primary School Mathematics, the Third 
Year Supplementary Course, Practical Surveying in Secondary Schools, Notation and 
Division. Study groups are meeting to initiate plans of experiment and investigation 
in subtraction, algebra, trigonometry, and practical geometry, and the A.G.M. of 
the Group is to be held on October 15th at the Village College, Swavesey. This 
will include an exhibition of teaching aids and textbooks, and a discussion on the 
teaching of fractions and decimals. The policy of the Group is to discuss actual 
practical topics and so far all speakers have been members of the Group who have 
talked on their own ideas and difficulties and led discussion on the selected topic. 


The North-western Group did not hold a meeting during the Summer Term, 
but rested on their oars after the exertions of the Blackpool Conference, fully reported 
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in our last issue. The meeting for the Autumn Term will take the form of a day’s 
discussion on the range of mathematics teaching from Primary through Secondary 
to Training College. 


The North-eastern Group held their Autumn meeting in Newcastle on 
October 8th, but once more we do not have a full report as we go to press. The 
meeting included an exhibition of teaching aids, demonstration lessons on the use 
of Geo-boards and on Cuisenaire rods, a talk on “A new outlook for Secondary 
Mathematics” and a display of selected mathematical films and filmstrips. 


A new Group in Northern Ireland is to be formed and the first meeting will 
be held in the Autumn Term to elect officials and draw up a programme of meetings. 
Those interested in having details of the Group and its proposed activities are asked 
to write to the Editor of Mathematics Teaching who will forward their letters to the 
Group Organisers. 


SUMMER SCHOOL IN CARMARTHEN 


On August 6th last a group of 38 teachers assembled at Carmarthen Summer 
School to start a course on the Cuisenaire method of teaching Arithmetic. On 
August 13th the same group of teachers left Carmarthen profoundly disturbed by 
what they had learnt in one week. The group was made up of infant, primary and 
secondary teachers, some of whom had used the material for a number of years, 
while others had never seen it before. We were representative of our educational 
system with one notable exception—the grammar school. At first some of us were 
sceptical (to say the least). At the end we all felt that we had seen something of a 
revolution of teaching method. 


This box of coloured rods was not just another “‘playway”’ to be used and then 
discarded ; it was the answer to the problem of teaching mathematics. After a while 
we began to realise that every time we came into contact with the rods we were going 
to discover something about learning, about teaching, about mathematics, and about 
ourselves. Experienced teachers saw for the first time that subtraction is not the same 
as taking away and that there were many methods of performing any sum (even 
a subtraction ‘sum’). Would not this flexibility of method be helpful in later school 
mathematics, we began to wonder? In fact we wondered that we had been blind to 
so many things. 


Could we not teach algebra in the infant and primary school before we started 
to deal with the concept of pure number? What did we mean by the sound we 
pronounce ‘four’ and what was the difference between the fours in 4 x 4 and what 
was the difference between the addition implied in 4 + 4 and in } + $? We have 
been told about the difference at some time in the past, but we had never before 
experienced the difference in its meaningful reality. Most of us as teachers had 
not really understood, 
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And then we began to feel that we were no longer tied to the syllabus, because 
the syllabus we used was not wide enough in scope and so we must start to widen 
it to keep pace with the method. 


Then we realised that our tutor, John Trivett, had in fact told us nothing; 
he had only asked questions and we wondered why we did not teach this way. 
One hears the voice that says “But I always teach that way; I ask questions and 
the pupils answer,” and one detects in the voice the implication that teacher knows 
all the answers, that he has a piece of paper somewhere that says that years ago 
he could ‘prove’ any amount of complicated theorems to his own (or someone 
else’s) satisfaction. But can teacher ‘prove’ what a straight line is, or define the 
meaning of the symbol 4? 





Above all else the rods teach us to approach with humility the class that we 
always thought backward and to see if we as teachers are not in fact the backward 
ones, and if we have not something to learn from our pupils. 

One can only hope that all teachers will realise that in the box of coloured 
rods created by Monsieur Cuisenaire, we have a model for all the processes of the 
rational numbers and also an apparatus to help us to understand the deeper 
significance of the learning process. 

J. Smiru. 


HAVE YOU TRIED THIS? 
Suggested teaching topics for various levels. 
CYRIL HOPE 


l. Draw the family of lines 
nr 





y =x tan 
18 
Number the nes 0, 1.2.3... . 17 
Now draw the family of lines 
mr 
y = (x — 2) tan — 


Use a large piece of graph paper with the same scale unit for x and y axes. 
Now find all the curves generated by the intersections of the lines for which m — n 
2, m n, m 2n + I, etc. 
What sort of curves can you discover? Find their equations. 
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New Mathematics 
K. S. SNELL anv J. B. MORGAN 


The first two volumes of a four-volume course are now ready. 
The course covers four years at Secondary School level, taking 
the subject to School Certificate standard, and is designed to 


show the essential unity of the subject. Each volume 10s. 64d. 


Advanced Algebra 


E. A. MAXWELL 


The first part of this new algebra has been designed not only 
to cover the Advanced level of the G.C.E. syllabus but also to 
train the pupil in algebraical thinking. Part II is in preparation. 


16s. 


Cartesian Geometry 
of the Plane 


E. M. HARTLEY 


This new book is based on the recommendations of the Report 
on the Teaching of Higher Geometry in Schools. It covers the 
requirements of G.C.E. ‘A’ and ‘S’ levels and is planned for use 
in class and for private study. There are nearly a thousand 
examples. 20s. 


CAMBRIDGE UNIVERSITY PRESS 


BENTLEY HOUsE, 200 EUSTON ROAD, LONDON, N.W.1I 


































Draw the family of circles 
(x — a)® + (y — a)}* = a 
What can you deduce about this family ? 


3, Make four strips of cardboard, half an inch wide and with holes at each 
end, so that the length between the holes for two of them is six inches, and for the 
other two is nine inches. Join them together with paper fasteners to make a four- 
sided figure. What sorts of quadrilateral can you find ? Three: a kite, a parallelogram 
and a reflex quadrilateral. What is the definition of the figure you have made? 
Deform this figure by pushing corners together and pulling them apart. 


Kite: What can you say about its shape? (Symmetrical; 2 isos. triangles). 
What can you say about its diagonals? (Bisect each other, unequal, 
intersect at right angles, bisect the angles of the kite, etc.) 

What happens if you make one angle a right angle? 
What would happen if all the sides were equal ? 
Test: What properties has a square? What properties has a rhombus ? 


Parallelogram: What can you say about its shape? (One angle gets larger as 
another gets smaller. As you squeeze two adjacent sides together the 
included diagonal gets longer. The opposite sides are parallel. The 
opposite angles are equal. It is not symmetrical. Etc.) 


What can you say about its diagonals? (They are unequal; lengths 
depend on which way the figure is ‘squashed.’ They bisect each other. 


They divide the figure into two congruent triangles. They do not 
bisect the angles of the parallelogram. Etc.) 


What happens if you make one angle a right angle? 

What happens if you make adjacent sides equal ? 

Test: What properties has a rhombus? What properties has a 
rectangle? What properties has a square? 

Where do you find these properties used? (Windows, sewing boxes, 
lazy tongs, weighing machines, etc.) 


4, Set up eight poles of length | ft., 2 ft.,.. . 8 ft., in the sunshine and measure 
the length of the shadow. Graph the height and length of shadow. What do you 
notice ? 


Can you find a way of finding the height of the school wall from its shadow ? 
Etc. 


5. Measure a model car and obtain the corresponding dimensions from the 
manufacturer’s leaflet about the real car. Graph your measurements. What is the 


scale of the model? Where does it depart from accuracy ? 


oth 


6. Make a collection of newspaper photographs showing a man standing 

outside a building or structure. What is the height of the man approximately ? 
Find the height of the building. Take photographs of a yardstick against a building 
or tree, etc. Use them to find the heights of the building, etc. 
Find the cost of something at ls., 2s., 3s., . . . 8s. Draw the graph of the 
results you have obtained. There are eight isolated points. Under what circumstances 
can you join them with a line? When can you not join them in any way? When 
can you use a “step” graph? 


Consider taxi fares at ls. per mile, toys at ls. each, parcel carriage at Is. 
per ounce up to the next ounce, cost of a powder at ls. per gm., etc. 


8. (For eight year olds) ‘‘x’’ sums. 


Can you tell me x (x is a number) if 


3+x 5 

5 x=2 

3 + 2x 9 

15 2x 5 

3+ x 7 x 
3+x 15 2x 


Make up your own using the tables the children know. They love this! 





FROM THE CORRESPONDENCE COLUMN OF “AUTOCAR” (9.ix.60) 


Galloping Consumption 

Statistics by Advertisement. The rate of multiplication of wear particles in a car 
engine, as depicted in an advertisement for a well-known brand of oil filter, follows 
a mathematical law known as a geometrical progression. Some startling facts are 
apparent if the illustrations of the advertisement are interpreted literally as meaning 
that, starting with one particle, after one revolution of the engine there are two, 
after two revolutions four particles, after three revolutions eight particles and so on. 


Mathematically we can express the number of such particles—N—after any 
number of revolutions of the engine—R— in the form 
N = 2" 


Assuming the size of each particle to be a cube of side equal to the minimum 
dimension mentioned in the advertisement, i.e. 0-00004 inch (in practice most will 
be larger than this), the volume, v, of each will be: 

v = 64 x 10—* cu. in. 

equivalent to: v = 0-44 x 10-5 cu. ft. 

Thus the total volume, V, of particles after R revolutions of the engine will be: 
V = Nv 
V = 2R x 0-44 x 10-* cu. ft. 











Solving this equation for a total volume of particles equal to the amount of 
metal in a very large engine indeed, say 10 cu. ft., will give us the number of revolutions 
completed by such an engine before completely disintegrating into fine dust. 
Needless to say the engine would cease to revolve long before this state of affairs 
was reached. 


Putting V equal to 10 we have: 
10= 28 x 0-44 x 10-5 
taking logs.: logl1O= Rlog2 + log0-44 + logl0—* 
t= 0-3R — 0-36 — 15 
1 + 0-36 + 15 
R = ———_——_ = 545 revolutions. 
0-3 
With a typical large car this will be equivalent to travelling about 35 yards 
without an oil filter. 
London, W.5. G. C. LeGcetr. 


( There is a mistake in Mr. Leggett’s calculations. Can you spot it?—Editor, M.T.) 





PLANNING A MATHEMATICS ROOM 
COMPETITION RESULT 


The response to our competition in Issue No. 12, in which we asked our readers 
to design and equip a mathematics room, was very poor indeed. Either our readers 
were unable or unwilling to give their views on a matter which is occupying the 
thoughts of many education authorities at the present time; in fact, it is gradually 
being realised that a mathematics room is as much a necessity in a school (especially 
at the secondary level) as is a geography room or a science laboratory. Mathematics 
cannot be taught effectively in the vacuum of an ordinary classroom; it is an essential 
that the environment should inspire and instruct. 


Of the few entries we received, one bore a famous name—Mr. Lewis Carroll, 
and included such unusual features as ‘a very large room for calculating Greatest 
Common Measure’, ‘a piece of ground for keeping roots and practising their 
extraction’, and a room for reducing fractions to their lowest terms (a hot room, 
we presume), complete with a cellar for keeping the lowest terms in when found! 
Unfortunately the reverend gentleman omitted to enclose his present address, and 
his entry was automatically disqualified in consequence. 


The prize winning entry came from Miss E. A. Blacklee of Bristol, whose 
design for a mathematics room for a Comprehensive School is given below. The 
design could, in fact, be used for most types of secondary school. We have one 
main criticism with the plan she submits: the main wall of a classroom is clearly 
the one faced by the pupils, and both blackboard and display space on this wall 
are valuable, Yet she chooses to take up some of this space by two doors, while yet 
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another door opens back onto this wall. This could have been avoided by arranging 
the store, library and Head of Department’s rooms at the back of the classroom. 
One might also question whether it is really necessary to have two doors into the 
room from the corridor. Also, although not shown, we imagine that the corridor is 
lower than the height of the room so that the top part of this side wall of the classroom 
could have small windows to give ‘subsidiary’ light in the room. It should also be 
possible to black out the room for projection purposes. 


Details for Mathematics Department for a Comprehensive School. 
E. A, BLACKLEE. 


Although only one room is designed specially, mathematics should also be 
taught by other staff in adjacent rooms, so that all apparatus and equipment is to 
hand. This would envisage a department of, say, the main large room with four or 
five adjacent classrooms to be used for mathematics alone as far as possible. For 
competition purposes, only the main room is considered. 


Fittings required 


2 roller type blackboards, one to have a squared section, one a white section 
for film screen). This latter one to be centrally placed. Each board to be 
6 ft. wide and have three 4 ft. sections. 

| hard type blackboard, 9 ft. wide, 3 feet of which to be hinged at window end. 
Height of board surface 3 ft., with bottom of board 2 ft. 9 ins. from floor. Some 
of lights from ceiling to be shaded and directed onto blackboards. Other room 
lighting to be adequate—not strip lighting. 

3 ft. 3 in. high bench on window side of room with stools to correct height for 
working at bench. Cupboards to be fitted in the sections by the gaps between 
the windows. 

10 stools required for bench. 

+ dozen chairs for classroom and library section. 

2 dozen tables 4 ft. by 2 ft. 6 in. by 2 ft. 6 in. high, of a type that can be stacked. 
2 tables 4 ft. by 24 ft. by 24 ft. for library. 

| table 8 ft. by 3 ft. by 24 ft. for front of classroom. 

| desk 44 ft. by 2} ft. by 24 ft. fitted with cupboard and drawers for Head of 
Department’s room. 

| chair for same. 

2 chairs for Head of Department’s room. 

Book shelves for Library and Head of Department’s Room. 

Small shelves to be fitted between windows in classroom (above bench top). 
Cupboard in Head of Department’s room. 

Show case for classroom. 

Tall cupboard for classroom. 

Notice board all along the corridor-side wall, and on back wall between tall 
cupboards and window. 

One section of drawer space under the long bench top of height 24 ft., to have 
shallow drawers of large size for large sheets of paper, etc. 
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5 bars, | in, diameter, across the room at intervals of 8 ft., parallel to ceiling 
and six inches away from it. Each bar to have six adjustable hooks on it. 
Electric plug points at back and front of room, at points shown “E.P.”’ on plan. 
1 double gas tap on bench near sink, shown “G.T,.”’ on plan. 

Small vice to be fitted at store room end of long bench (2$ ft. high). 


Other equipment (to which one can add items as the need is felt). 


Simple tools — saw, hammer, pliers, hand-drill. 

A selection of Meccano parts for making simple models. 

3 dozen each of protractors, compasses, setsquares, scissors, rulers, pencils, 
rubbers, nail-boards (some square, some circular), drawing hoards. 

1 dozen boxes Cuisenaire rods. 

Crayons. 

Metre rules. 

Library books — wide selection. 

Blackboard compasses, etc. 

Poles of various lengths up to say 10 ft., of diameter | inch, which have many 
uses, 

Textbooks, writing and drawing paper, graph paper, manilla card, sellotape, 
drawing pins, paper clips, elastic bands, string, etc. 


It is very difficult to draw the line at the end of necessary equipment of a 
mathematics room, as many things have some value at some time or other. The 
main thing is that the facilities should be there for children to be able to try things 
out for themselves and to be able to work on their own on a mathematical topic, 
with the teacher to help out when required. 





BOOK REVIEWS. 
Primary Education 
H.M.S.O. 1959. 10/-. pp 334. 


The old Handbook of Suggestions has provided many a teacher with good 
sound principles on which to build his teaching but it has long been out-of-date 
and unrelated to the existing school structure. This present publication is written 
as a ‘handbook’ with the primary school very much in mind, It covers the whole 
range of the curriculum. 


Part I is a history of Primary Education. Part II, Primary Schools, is a resumé 
of the principles of education and the psychology of Primary School children. 
It very rightly lays stress on the development of the whole child, on the interrelation 
between all aspects of his growth, and most importantly on the different growth 
rates of the aptitudes and skills which his education is to foster, 
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There is much wisdom and very sound advice: “It is not the materials they 
use, but what they do with them which shows the children’s progress.” “. . . the 
misleading assumption that the children’s activity somehow excludes good teaching 
should be dropped.” “. .. a child’s memory stands out in high relief at this period 
only because his higher intellectual capacities are comparatively undeveloped or 
unused.”” One can cite quotation upon quotation; there is common sense and the 
wisdom of experience. Yet there is little that is very revolutionary and little that is 
very reactionary. It is more a statement of the position as it appears to be than a 
guide to what it may become. There is no appraisal of Piaget’s work, there are no 
suggestions for experiment on a broad basis. There is a great deal having to do with 
day to day administration and most will find some reflection of their current practice 
in its pages. 


Part III deals with the curriculum and my appraisal is confined to the 34 pages 
on mathematics. ““There is no subject in the primary school curriculum which gives 
rise to more thought at the present time than mathematics.” The chapter tries to 
base ideas and suggestions on observations in the hope that some guidance and 
stimulation will be offered to the teacher in need. Understanding is stressed. Children 
should be convinced that a new mathematical process gives the “right answer” 
believing in their own reasoning powers. The teacher must be aware of what depth 
of understanding has been reached. 


The need for skilful teaching is rightly stressed, teaching by which children 
may be led to discover for themselves the unfolding development of ideas which 
constitutes mathematics. Discussion is of paramount importance, discussion between 
child and child and between teacher and children bearing in mind the need to 
confine a discussion to the appropriate group of children. 


Number relationships are stressed as being at least as important as accuracy 
of computation. Practical work should give rise to problems which lead to the 
development of new areas of mathematics and should be an integral part of the 
mathematics course. Problems form one of the most important parts of mathematical 
learning. 


There is a brief but very valuable section on the sfructure of mathematics 
in the primary school followed by a plea for more geometrical work, graphical 
work of all kinds, and the use of topics such as time, clocks and sundials. 


The chapter closes by stressing the importance of the teachers’ knowledge and 
interest when teaching mathematics. 


The 34 pages form a summary of ideas underlying current practice in schools 
today. One feels that justice has not been done to the growing number of schools 
which are liberalising their teaching of the subject. Generally phrased suggestions 
are not enough. The vast majority of teachers would like more hints on what sort 
of practical work, how to make apparatus, how to get the mathematics out of it. 
It is unfair to leave a suggestion in the air in a book of this sort without giving some 
examples to serve as growing points. For this reason, all shades of opinion will be 
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able to draw comfort from its pages but it will be very unfortunate if they fail to 
notice the omissions in their own practice because these are not stressed sufficiently 
in the pages of the report. 


‘Primary Education’ was well worth writing. Training College Students and 
young teachers will find guidance on many occasions and headmasters will find 
valuable help in guiding their schools but its rather conservative view of primary 
education as it is being thought of at the frontiers of development will not provide 
the stimulus to progress we have learned to expect from H.M.I. on their various 
teachers’ courses. 


C.H. 
Individual Mathematics 
Books 1—4, Goddard and Grattidge, Schofield & Sims, Ltd. 
Each pp 136. 7s. 9d. Teacher’s Book pp 23. 2s. 6d. 
The Language of Number 
Book 1, M. Kline, George G. Harrap & Co., Ltd. pp 150. 7s. 6d. 
Pure Elementary Mathematics 
J. D. Hodson, Macmillan & Co., Ltd. pp 314. 17s. 6d. a 


The majority of mathematical textbooks being published seem to show two main 
trends, both of which are rather superficial though they have admirable intentions. 
Firstly the books are pleasant to handle and to look at. Those listed above are 
good examples: the typography is satisfying, varying coloured inks are used, line 
pictures punctuate the pages. Considerable thought has been given to eye-appeal 
and all this is indeed positive advance, particularly in mathematics books which 
have been traditionally dull in appearance. But given all this, is the mathematics 
better presented or does the increased glamour subtly imply that fundamental 
mathematics is so dull that it has to be disguised before being acceptable? 


Secondly there are chords struck in many books which raise one’s hopes 
considerably on behalf of the pupil’s ease of learning, but which diminish quickly 
with a closer scrutiny of contents. 


‘Individual Mathematics’—an admirable title suggestive of an attitude which 
we all want. Yet what do we find is the interpretation ? 

“An essential part of the Individual Method is that you will mark your own 

sums. Where a sum is found to be wrong, first try to find the error. If you are 

unable to do so then, and not till then, you must seck the teacher’s help.” 


Good! Then why not include answers in the textbook ? 

Further how many children, or adults, want to find an error? The real need 
is to avoid the error next time. And does one do this by correcting particular 
problems which will probably never be seen again since the next one met will 
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doubtless look different? Certainly some pupils may understand general principles 
better by a correction but they are the ones with incentive to profit by this anyway; 
what of the majority who get their sums marked ‘wrong’ ? 


‘The Language of Number’—this too sounds good although Dr. Bronowski’s 
well-known statement that mathematics is a language may not be acceptable to all. 
This, the author says, is a ‘logically concentric course’. Why then present so many 
rules to be learnt? This is not the way children learn language; this they do by 
hearing it used around them. And how ‘logical’ are statements such as ‘thinking 
in letters’, or 11 eleven 
- ? 


16 sixteenths 


‘Pure Elementary Mathematics’. This is a 6th form book whose aim is to combine 
all first year mathematics into one volume. This it does well. The contents are 
arranged ‘all to one end—namely the sound understanding of the calculus’. Yet 
right on the first page we read that ‘it is not necessary to be absolutely precise at 
this stage’—in defining a limit! However the contents are indeed well arranged 
and this is a book which can be recommended. 


In their way, therefore, all these books are good. The secondary modern books 
are attractive, practical and deal with topics usually assumed to be those in which 
children are, or ought to be, interested: savings, compass work, plans and surveys, 
shopping, commerce, although Algebra is treated straight. The grammar school 
book does clearly present all the usual geometry, trigonometry, calculus and algebra 
for the sixth form. 


I wonder, however, whether my own pleasure with these books is not the 
attitude of an adult, knowledgeable in the subject. Shouldn’t the criterion be: 
do these texts really help to develop mathematical thinking in children? 

j.V.T. 


College Algebra and Trigonometry 


William L. Hart. D. C. Heath & Co., Boston, U.S.A. and George G. Harrap & Co., 
Ltd., England. pp 314. 17s. 6d. 

Intended for American colleges as a preparation for Analytical Geometry and 
Calculus, this book deals with many topics which we would find done in 5th and 
6th forms: basic algebra, quadratic equations, ratio, proportion, series, elementary 
trigonometry, logs, complex numbers, theory of equations, permutations and 
combinations, probability, set theory, systems of linear equations. 


Although this will not be used here as a class textbook it could be included in 
a library with advantage. The presentation, though conventional, is good, and 
would appear fresh to many as a relaxation from their usual books. 


j.V.T. 
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Geometry for Juniors 
Books 1, 2, 3, 4 and Teachers’ Book 
Grace A. Moss. Blackwell. pp 36, 3s. 6d. each. 


Some teachers seeking to ‘liberalise’ mathematics teaching in the Junior School 
have felt the need of a textbook which will be written in language simple enough for 
the abler children to read it on their own, yet rich enough to form a basis for 
their own guidance. 


Mrs. Moss’ booklets have been written with this demand in mind. The basic 
ideas of shape, congruence of triangles and rectangles, angle, symmetry, scale and 
graph are developed on a ‘concentric’ system, each stage being appropriate to 
the child. There is plenty for the children to do; patterns, drawing and measuring 
and this in the main without leaving the desk. The teachers’ book gives guidance 
both on provision of materials and objectives underlying each stage. 


Meccano strips for rectilinear figures and their rigidity, space boards (geo- 
boards in disguise), paper folding for symmetry and congruence, mirrors for 
symmetry, curve stitching and area patterns are examples of activities and apparatus 
to be experienced to produce the simple properties of rectangles, triangles, squares, 
hexagons, circles, ellipse and parabola and to suggest angle-sums of triangles and 
polygons. Simple frequency graphs, block graphs and equi-perimentral problems, 
straight line ready reckoners form the last stages of the development. 


This very cursory review of the contents would appeal to most teachers. 
Perhaps the earlier introduction of squared paper, the use of measurement techniques 
dependent on elementary vectorial ideas, less insistence on congruence as a basic 
logical tool and the use of reflexions as a transformation from which logical deductions 
could be made, might have improved the book as a stage A geometry. More 
practical activities involving elementary mechanics, etc. would have developed the 
graphical presentation of proportion principles, a necessary preparation for subsequent 
secondary work. 


We must congratulate the author on producing pamphlets which will be useful 
throughout the Junior School and which will help many teachers who feel their 
own knowledge inadequate to the teaching of geometry. 

C.H. 


School Trigonometry 
Part 1. J. Larmour, and L. E. Godfrey-Jones. 
Blackie & Son, Ltd. pp 160. 8s. Od. 
This is designed as the introductory book of a series in which Book 2 will 


take the subject to O-level and Book 3 to A-level and inevitably is little more than 
a study of the right-angled triangle. 











All six ratios are given equal weight, being introduced in pairs starting with 
the tangent and cotangent. The latter being defined as the tangent of the comple- 
mentary angle, the cosine and secant being similarly defined. There are obvious 
advantages in introducing all the functions early in the course but one wonders 
whether this method of definition may not lead to difficulties later on when angles 
greater than 90° are met with. 


This is a well produced text, the worked examples are clear and valuable teaching 
material. These, with the exercises are mostly drawn from geometrical situations 
including surveying and navigation. This is a good book of its kind but now that 
we are working to an integrated mathematics course it seems rather dated as much 
of the matter covered could be incorporated in Stage A geometry with links with 
algebra and mechanics so that the Trigonometry would grow naturally as a part 
of mathematical experience. Very little reference is made to other aspects of the 
mathematics course; for example, on page 118, tan 90° = oo is introduced rather 
naively as if the reader is unlikely to have met oo previously. Graphs of the functions 
are left rather late but if it is felt necessary to introduce trigonometry as a separate 
formal study this is a book which could well be used. 


D.T.M. 
FOREIGN PUBLICATIONS 


The French journal L’enseignement des sciences, noted in No. 11 of Mathematics 
Teaching continues to maintain a high standard of excellence and can be warmly 
recommended. Whilst it is devoted to the sciences in general, mathematics receives 
a generous allocation of space. There is a fine appreciation of the social setting cf 
science and a feeling for teaching as a craft. 


The journal is attractively produced and incidentally displays a vein of delightful 
mathematical humour. Supported by many prominent French teachers it is published 
by Hermann, !15 bd St-Germain, Paris VI. ‘The annual subscription (five numbers) 
is 15 NF. 


The French Association des Professeurs de Mathématiques is publishing a 
series of brochures devoted to various topics of interest to teachers of mathematics. 
Some of these are reprints of material which has appeared in their bulletin and 
others are fresh works. 


The first, Le langage simple et précis des Mathématiques modernes, by Lesieur and 
Revuz (pp. 20) contains talks given by the authors to an audience of teachers of 
Ecoles Normales, which explain the notions of set theory and elementary algebraic 
structures in a form in which they could be introduced into elementary instruction. 


The second, Congruences paratactiques de cycles by Paul Robert (pp. 64) appeared 
recently in their bulletin and deals mainly with orthogonality relations, etc. 
between circles and spheres in a space of three dimensions. 


Further publications are in preparation on the teaching of astronomy and the 
use of the film in the teaching of mathematics. 
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CORRECTIONS TO No. 13. 
or WHAT THE STARS DID NOT FORETELL. 


Superstition is an odd thing. We may claim we are not superstitious, yet at 
times the arm of coincidence may be so long that we have to stop and wonder. 
Our last issue was a case in point. We had a sneaking feeling that something would 
go wrong with Issue No. 13, and sure enough it established a record for the number of 
mistakes that got past the proof stage and finished up in print. We can only apologize 
to our readers most sincerely, and suggest that the reason was that, being issue 
No. 13, we typed it with our fingers crossed! 


However, we hope that this will not occur again; the misfortunes of this issue 
have resulted in our reforming and strengthening our proof reading arrangements. 
The revisions for our last issue are given below: 


Page 7: 3rd line — read ‘simulate’ for ‘stimulate’. 

last line — only one example was reproduced. 

Page 8: last line but two — read ‘integrators’ for ‘computers’. 

Pages 9 & 10: The diagram at the foot of page 9 and the diagram on page 10 
should be interchanged, and in both diagrams the sign ‘x’ in the rectangular 
boxes (only) should be replaced by a multiplication sign, as the inputs to these 
boxes are multiplied by the quantities in the round brackets. 

Page 10: First line — the third word should be ‘input’ not ‘output’. 

line 11 — x should be x,. 


Also Mr. T. J. Fletcher, author of the article Simple Machines which ‘Think’ in 
that issue writes: 


The first example on page 47 is irremediably wrong and the fault is entirely 
the author’s. The first line of algebra is not a proper statement of the satisfactory 
combinations of voters and the second line of algebra does not follow from the 
first. The circuit given, however, is the correct wiring up of the second line o 
algebra, and is a circuit which would be suitable for the case when A, B, Cand D 
have equal voting powers. 


With the powers given (3, 2, 1, 1) we must construct the polynomial 
ab + ac + ad + bed = a(b + c + d) + bed. (Further terms are unnecessary 
as they may be absorbed in the ones given). The corresponding circuit has 
two branches; one with switch a followed by 6, ¢ and d in parallel, and the other 
with 5, ¢ and d in series. 


As mitigation I can only plead that when I set the problem to my students 


they wired up a perfectly correct circuit without trouble, and it will be displayed 
shortly at Association meetings. 
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A.T.A.M. DIARY 


November |1—East Suffolk Group. Annual General Meeting and film display. 
Saxmundham Modern School. Details: A. S. Hampton-Wright. 


November 19—Middlesex Group. Exhibition of aids. Lectures, demonstrations. 
Institute of Education, University of London. Details Miss J. 
Blandino. 


1961 
April 11/14—Annual General Meeting and Easter Conference. Details below. 


Spring Term.—Harrogate. Day Conference for Secondary School Teachers. Date 
to be fixed shortly. Details from Conference Secretary. 


Spring Term.—Joint meeting of East Suffolk Branch and Ipswich Branch of 
Mathematical Association, Details later from A. S. Hampton- 
Wright. 


For addresses of local secretaries see back cover 


“DEVELOPMENTS IN THE TEACHING OF MATHEMATICS” 


Easter Conference and Annual General Meeting, 


April \\th to 14th, 1961 


New understanding of the basic structure of school mathematics 
Experiments in teaching modern mathematics in schools 
Piaget’s investigations into the formation of mathematica! concepts 


— These are some of the items in a Conference designed to help the 
teacher of mathematics (in Primary and Secondary Schools) re-examine 
the theory and practice of his work. 


Speakers will include : 
Professor Georges Papy, University of Brussels 
Dr. Ruth Beard, University of Birmingham 
Cyril Hope, City of Worcester Training College 


Residential accommodation is available and the sessions will also be open to day 
visitors, at Berridge House, Hampstead, London, N.W.6. 


Full programme and booking arrangements will be circulated to all members 
early in the new year. 








Elementary Pure Mathematics 
Jj. D. HODSON 


This book covers the pure mathematics syllabus for the first year sixth form in 
Grammar Schools and also most examinations in mathematics for scientists. Each 
{ chapter includes some algebra, some pure geometry, some trigonometry and some 
co-ordinate geometry, all to one end — namely, the sound understanding of calculus. 
There are four progressively difficult test papers at the end of each chapter. 


17s. 6d. 





SCHOLARS’ LIBRARY 


: Science and Literature 
; (An Anthology: Second Series) 
Selected by W. EASTWOOD 


The second anthology with this title continues to illustrate the relation of science 
and technology to imaginative literature, and also includes passages on the relation 
of science to philosophy and to society. Authors include: Thomas Carlyle, Zola, 
Kipling, Jules Verne, Karel Capek, Sir Arthur Eddington, C. E. M. Joad, 
J. Bronowski and Bertrand Russell. 8s. 


MACMILLAN & CO. LTD. sv. MARTIN’S STREET, LONDON, W.C2. 

















A.T.A.M. 
CUISENAIRE 
EASTER CONFERENCE NUMBERS IN COLOUR RODS 
AND A.G.M. Precision cut, Non-slip 


18/— per set of 241 Rods plus 
3/5 Purchase Tax. 


The Cuisenaire-Gattegno method of presenting 
-" ag Mathematics to children is rapidly gaining a 

APRIL llTH TO l4ru, 1961 world-wide reputation of the highest order. 
Already in 60 countries, thousands of teachers are 
using it with astonishing results, and almost every 
day, Educational Authorities are officially 
recommending its use. It is in use in several 

AT thousand schools in the United Kingdom at the 

present moment. 


NEW PUBLICATION 


BERRIDGE House, Dr. C. Gattegno’s valuable new book (published 
in July) A TEACHER’S INTRODUCTION 


TO THE CUISENAIRE-GATTEGNO 
HAMPSTEAD, METHOD OF TEACHING ARITHMETIC 
= should be read by every teacher of mathematics 

Lonpon, N.W.6. (7/6 per copy, postage 6d.) 


Price List, Material and books available from:— 


THE CUISENAIRE CO. LTD. 


11 CROWN STREET, READING 
BERKS. 


See opposite for further details 


























ASSOCIATION FOR TEACHING AIDS IN MATHEMATICS 


President: 
Vice-Presidents: 


Acting Chairman: 
Deputy Chairman: 
Honorary Secretary: 
Honorary Treasurer: 
Editor: 

Director of Studies: 
Conference Secretary: 


COMMITTEE 
ELECTED MEMBERS 1960-1961 


T. J. Fletcher 


C. Gattegno 
R. H. Collins 


I. Harris, 122 North Road, Dartford, Kent. 

Miss B. I. Briggs 

D. H. Wheeler, 318 Victoria Park Road, Leicester. 

Miss B. I. Briggs, 23a Glencairn Crescent, Edinburgh 12. 
C. Birtwistle, 1 Meredith Street, Nelson, Lancs. 

C. Hope, 68 Malvern Road, Powick, Worcs. 

D. T. Moore, 234 Birling Road, Snodland, Kent. 


Miss Y. B. Giuseppi, 34 Pollards Hill S., London, S.W.16. 


G. P. Beaumont, 24 Birchington Court, West End Lane, 
London, N.W.6. 


A. Ivell, 22 Gobions, Basildon, Essex. 
J. V. Trivett 


REPRESENTATIVES AND CO-OPTED MEMBERS 


Primary Schools: 
Middlesex : 
North-West: 
West Riding: 


Cambridge Area: 
E. Suffolk: 


Bristol: 


North-East: 


Mrs. A, Ogle, The School House, Rogate, Petersfield, Hants. 

Miss J. Blandino, 9 Barnhill Road, Wembley Park. 

Miss D. Clutten, 14 Bristol Street, Burnley, Lancs. 

B. Atkin, 212 Langwith Road, Langwith Junction, 
Mansfield, Notts. 

N. Reed, Village College, Swavesey, Cambs. 


A. 8. Hampton-Wright, School House, Theberton, Leiston, 
Suffolk. . 


D. J. Lumbard, Wenvisue, Chandag Road, Keynsham, 
Nr. Bristol. 


B. O’Byrne, 32 Teviotdale Gardens, Newcastle-upon-Tyne 7. 


W. M. Brookes, 45 The Parkway, Bassett, Southampton. 


A. W. Bell, Nottingham Training College, Clifton, 
Nottingham. 





